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Preface

These notes cover the material of a series of lectures given at the
University of Newcastle upon Tyne on Takesaki's paper: 'Duality for
crossed products and the structure of von Neumann algebras of type III'
[16]. Since the appearance of Connes' thesis [2] and Takesaki's paper,
the theory of crossed products has become very important in von
Neumann algebras. An elementary and rather detailed treatment of the
basics of this theory is given here, mainly intended for people who want
an introduction to the subject. In part I, 'Crossed products of von
Neumann algebras', I deal with general continuous crossed products.

I introduce the notion in detail and give a proof of two important results.
The first one is the commutation theorem for crossed products. It was
obtained by Takesaki [16] in a special case, and by Digernes [4, 5] and
Haagerup [8] in more general cases. The proof given here does not
depend on the theory of dual weights, nor does it use any left Hilbert
algebra. The second result given is Takesaki's duality theorem for
crossed products with commutative groups.

In part I, 'The structure of type IIIl von Neumann algebras', crossed
products with modular actions are considered, that is those with the one-
parameter group of *-automorphisms obtained by the Tomita-Takesaki
theory, and I treat the structure theory of type III von Neumann algebras
going with it [16]. Treatment is restricted to the case of o-finite von
Neumann algebras so that we can work with faithful normal states, and
again our approach is different from the original one.

I would like to express my thanks to Professor J. Ringrose and to
the other members of the department of pure mathematics of the University
of Newcastle upon Tyne for their warm hospitality during my visit. This

work was partially supported by the Science Research Council.

June 1976 A. Van Daele
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Part | - Crossed products of
von Neumann algebras

1. INTRODUCTION

A covariant system is a triple (M, G, @) where M is a von Neumann

algebra, G is a locally compact group and « is a continuous action of
G on M, that is a homomorphism a :s— o of G into the group of
*_automorphisms of M such that for each x € M, the map s —+ as(x)
is continuous from G to M where M is considered with its strong
topology. To such a covariant system is associated in a natural way a
new von Neumann algebra, called the crossed product of M by the
action @ of G, and denoted hereby M ® G [16].

Similarly also covariant systems over C*-algebras are defined.

In fact they have been known by mathematical physicists for some time
already (see e.g. [7]). There they arise naturally because of time
evolution of the physical system.

Here we will only be concerned with covariant systems over von
Neumann algebras. Also they arise in a quite natural way, indeed the
Tomita-Takesaki theory associates a strongly continuous one-parameter
group of automorphisms to each faithful normal state on a von Neumann
algebra [13, 15, 17], and clearly such a group is nothing else but a con-
tinuous action of R.

The crossed product construction can be used to provide new,
more complicated examples of von Neumann algebras. A special case
of this, the group measure space construction, was already used by
Murray and von Neumann to obtain non type I factors [6]. Recently also
Connes used the crossed product construction to obtain an example of a
von Neumann algebra, not anti-isomorphic to itself [3].

In connection with the Tomita-Takesaki theory however crossed
products are also used to obtain structure theorems for certain types of

von Neumann algebras. Among those we have the results of Connes about



the structure of III, -factors with 0 =2 <1 [2] and the result of
Takesaki which states that every type III von Neumann algebra is iso-
morphic to the crossed product of a type I von Neumann algebra with
some continuous action of R [16].

In part IT of these lecture notes we treat Takesaki's structure
theorem, In this part we deal with the notion of general continuous
crossed products. This notion is introduced in section 2, I (M, G, a)
is a covariant system, and if M acts in the Hilbert space J, then the
crossed product M ®a G will act in the space X® Lz(G) where Lz(G)
is the Hilbert space of square integrable functions on G with respect to
some left Haar measure.

In section 3 we define an action 0 of G on M ® (B(LZ(G))
where (B(LZ(G)) is the von Neumann algebra of all bounded operators on
Lz(G) and we show that M ®a G can be characterized as the fixed
points in M ® (B(LZ(G)) for the automorphisms {tht € G}, This
result was obtained by Takesaki [16] in a special case, and by Digernes
[4, 5] and Haagerup [8] in more general cases using the theory of dual
weights. If G is compact the result can easily be obtained using the
normal projection map § Gt dt onto the fixed points, where dt is the
normalized Haar measure on G. In our approach we use a carefully
chosen approximation procedure to make a similar argument work also
if G is not compact (see also [18]), If the action a is spatial, an
expression of the commutant of M ®a G follows.

Finally in section 4 we consider the abelian case., If G is abelian
it is possible to associate to a covariant system (M, G, @) a new co-
variant system (M, é, @) ina canonical way. For M one takes
M ®a G, and @ is a continuous action of the dual group GonM® o G.
The action @ is defined in such a way that the crossed product
(M ®a G) ®& G of M ®a G by the action @ of G is isomorphic to
M® (B(LZ(G)). This makes a duality structure possible if M is properly
infinite and G separable so that M ® (B(LZ(G)) is isomorphic to M
again. Then the covariant system canonically associated to (1\7[, f}, &)
is in some sense equivalent to the original one (M, G, @) [16]. Our
method here is very much dependent on operators similar to the unitary
U in Lz(G X G) defined by (Uf)(s, t) = f(ts, t). They enable us to work



with tensor products and the structure becomes simpler and more
transparent.

For the theory of von Neumann algebras we refer to the books of
Dixmier [6] and Sakai [14]. For the Haar measure we refer to [1]. In
the case where the groups are o-compact, in particular if G=R as
in part II, many other books treating Haar measure and abstract harmonic
analysis will do [9, 11].

2. CROSSED PRODUCTS OF VON NEUMANN ALGEBRAS

Let M be a von Neumann algebra acting in a Hilbert space JC,
Let G be a locally compact topological group and let o : s = as be a
homomorphism of G into the group of *-automorphisms of M such that
for each x € M the map s = as(x) is continuous from G into M where
M is considered with its strong topology. Such a homomorphism is
called a continuous action of G on M. Inthe case G =R a continuous
action is of course a strongly continuous one-parameter group of
*_automorphisms. Very often the triple (M, G, a) is called a covariant
system. Remark that equivalently one can consider M with the weak,
o-weak, o-strong or o-strong* topology. A typical example, and in fact
a very important one, is obtained in the case of a von Neumann algebra
M acting in ¥ and a continuous unitary representation a : s = ag of
G in X with the property that asxa; €M forall xeM and s €G,.
Then as(x) =ag xa; is easily seen to define a continuous action of G
on M.

To a continuous action @ of a locally compact group G ona von
Neumann algebra M can be associated a new von Neumann algebra,
called the crossed product of M by the action @ of G, and denoted by
M ®a G. Notations like R(M, @) and W*(M, G) are also used. In
this section we will carefully introduce this new von Neumann algebra.
We will also give some basic properties of the operators involved. First
however we will need to study the Hilbert space in which it acts.

Let ds denote a left invariant Haar measure on G and let
Lz(G) be the Hilbert space of (equivalence classes of) square integrable

functions from G into C with respect to the measure ds. Then the



crossed product will be a von Neumann algebra acting in the Hilbert
space tensor product X ® Lz(G) of ¥ and Lz(G)' As we shall see,
in the theory of crossed products, it is important to consider elements
in X ® Lz(G) as J-valued functions on G. Let us first make this
precise.

2.1 Notation. Denote by Cc(G, JC) the complex vector space
of J-valued functions on G with compact support. Let the scalar
product in 3 be denoted by (-, -). Then for every pair &, 7 eCc(G, J0),
the function s = (£(s), n(s)) will be a continuous, complex valued

function with compact support in G. Then define

(& n) = [(&s), n(s)) ds.

It is then easily verified that this expression gives a scalar product on
Cc(G, ). The completion of Cc(G, JC) with respect to this scalar
product is denoted by Lz(G’ Je).

It is justified to call this space Lz(G’ ¥) as it can be shown that
the set of X-valued functions £ on G with the following properties:
(1) (&), 7)0) is measurable for all n, € x,

(i) there is a separable subspace JCO such that £(s) € 3 0 for all

s €G,

Gy &) ] €L, @
is itself a Hilbert space with scalar product defined as above, and that
Cc(G, ) is a dense subspace of this Hilbert space.

However it turns out to be much more convenient to consider
elements in Lz(G’ JC) as elements of the completion of Cc(G, ) than
as functions. Therefore, as we will not need this result anyway, we
refer to an appendix (A) for a proof of the above statement.

In fact, what is much more important in our treatment is that
Lz(G’ 3C) can be canonically identified with 3 ® Lz(G)' This is done
in the following proposition.

2.2 Proposition. There is an isomorphism U of 3 ® Lz(G)
onto Lz(G’ ) such that




(U(E, ® D))(s) = i)

for any go €X and f € Cc(G)’ the set of complex-valued continuous

functions with compact support in G.

Proof. Let f, f, s f GCC(G) and &, £, ..., § €3

Define £€:G= 3 by £(8)= 2 fi(s)£i for s € G. Then clearly

i=1
£ eCc(G, &) and

l£]2 =Ce, &)= [(&(s), Es)ds

n
L R, gas

y j2=1<£i, £].><fi, fj>
n n

BRI
<i£1£i®fi’ jzlgl f1>

2 2
llizlgimill :

It follows that we can define a linear operator U from the algebraic
tensor product of ¥ with Cc(G) into Cc(G’ 3) by

U(‘glﬁi ® fi) = £ Also U is isometric and therefore extends

uniq—uely to an isometry from the Hilbert space tensor product

X ® L2(G) into Lz(G’ JC), the extension is still denoted by U. 1t
remains to show that U is onto, so that indeed U is an isomorphism.
For this it is sufficient to show that functions of the form £ above are
dense in Cc(G’ 3). So let £O €Cc(G, i), let K be the compact support
of go and let V be an open set with finite Haar measure such that
KCV. Take €> 0 and for each s € K choose a neighbourhood VS of
s suchthat V_CV and llgo(t) - go(s)|| < e forall t€V_. Then

choose points S5 8,00 8 in K suchthat KCV_uvV_ ... U VS
1 2 n
, e hn in Cc(G) such that the support of
hj lies in VS for all j =1, n, and such that
j

and positive functions hl, h



n n
0<ZhJ(s)<1foralls€G and ZhJ() 1
=1 n j=1
for all s € K. Then if we define &= J hjgo(sj) we get
=1

n n
&) - ¢, = IIjzlhj(sﬁo(sj) - jilh:i(s”o(S) I
n
= jz h)&,(s) - £, 6
n
= Y h(s)e=e
=1

for all s € G. Finally since £ and §0 have support in the set V we get
1
Il & - £ | =ep? where p is the Haar measure of V.

This proves the result.

In what follows we will always identify LZ(G, ) and
e Lz(G) by means of this isomorphism. So for any £ € 3 and
fe Cc(G) we will consider ¢ ® f as a function on G with values in &
given by (£ ® f)(s) = f(s)&.

So far we have considered the space in which the crossed product
is going to act. Now we come to the operators that will generate the

crossed product,

2.3 Lemma. Forevery xe€M and £ € CC(G, ) we have that
the function §1, defined by §1(s) =a _l(x)g(s) is again in Cc(G’ J0),

Moreover || £ = lxll &

Proof. Remark first that indeed §1 is a functionof G in X
as £(s) € & for every s and as_l(x) €M and M acts in ¥. Clearly
§1 has also compact support, so we must show continuity. This follows

from the calculation below with s fixedin G and s—s .

Indeed ||§ (s) - § s )|| = ||a _ x)g(s) -« 1(X)E(SD)“
s s
0
= e _ ((&6) - s D+ @ _ &) - @ _ @)
s s S
=[xl &) - &) + (@ _ &) -« _l(x»s(so)H
s s



where the first term tends to zero as £ is continuous and the second
term because the action is continuous, that is s = ozs(s)g0 is continuous,
which is used here with go = §(so).

Finally

le, 1=l 56 2ds
=[lo _ ®&s)%as
]

=flle @& )% = [x[* 1l &s) | %as
S

= lxlI* ] ¢l®.

Because of lemma 2, 3 the following definition makes sense.

2.4 Definition. For every x € M we define a bounded operator
7(x) on LZ(G, 3) by

(1x)§)(s) = a _,(®)é(s) for £ eC (G, ).
s

If there are different actions around we will occasionally use T, instead
of 7.

The crossed product will, among others, contain all the operators
7(x) with x € M, therefore let us study them a little more.

2.5 Proposition. 7 is a faithful normal *-representation of M
in L 2(G, J0).

Proof. Using the fact that ozs is a *-automorphism of M for
each s € G, a straightforward calculation shows that 7 is a *-represen-
tation,

Let us show that 7 is faithful, therefore assume x € M and
7(x) = 0, Take §D €X and f eCc(G) and let £ = go ® f. Then
0= (1), & = K@E)E(s), &(s))ds = Ka _ (x)&(s), &(shds
s
= K @IE)E,, () )ds = Ka _ (&, &) 1)) ds.
s s

Because this holds for all f ¢ Cc(G)’ and because (& _l(x)go, §0> is
s



continuous in s, we have that (& _l(x)go, £0> =0 for all s, in
s
particular (x&o, £0> = 0. Again this holds for all £ €I so that

x = 0. This proves that 7 is faithful.
To prove that 7 is normal, let {xi}id
net in M+ with x as supremum. As 7 is a *-representation also

be a bounded, increasing

TI(Xi) will be bounded and increasing and therefore will increase to some
operator on Lz(G, ), callit §¥. As X, =x forall i we also have
TI(Xi) = 7(x) sothat § = n(x). We must show § = 7(x).

First let f € Cc(G) and go € ¥, then with & = go ®f we have as
before

(n(x)g, & = Ke _ (x)&, £ 1(s)] s,
s

Now s ={a _ 1(xi)£ o £0> is a net of continuous positive functions, in-
s

creasing to the function s = (a _l(x)go, 3 0) which is also continuous.
s
By Dini's theorem [10] we have uniform convergence on compacta. In

particular we have uniform convergence on the support of f, so also the
integrals will converge. Hence (ﬂ(xi)g, & —+(n(x)¢, &). Sowe have
(n(x)¢, &) =(§¢& &). Nowas ¥ =< a(x) it follows from {(7(x)-¥§)&, £) =0
that also (7(x) - ¥)é =0 or @(x)¢=F& This implies 7(x) =§ because
functions of the form &= go ® f with go €3 and f € Cc(G) span a

dense subspace.

It is mainly because of the definition of #(x) that we must work
with Lz(G’ JC) instead of X ® Lz(G)‘ It is good to keep in mind that
roughly speaking 7(x) is the multiplication operator in Lz(G’ I) by

the function s » a _ 1(x). Multiplication operators will play an important

role in the next section. Before we continue let us consider an example.
2,6 Example., Assume here that G is a finite group with n

elements {sl, sz, ceey sn }. Then using the appropriate normalization

of the Haar measure, Lz(G’ JC) can be identified with the direct sum

O I D.,. & of n copies of I by means of the isomorphism

£€L (G, 3) = (&s)), &s,) ... &5 ).



Then in mairix notation we get the following expression for a(x):

@ _l(x) 0 0
51

0 @ _l(x) 0

s

#(X) = 2

0 0 a (¥

s
n

In the next section we will obtain more information about the relation of
#(X) with the tensor product siructure of LZ(G, J). Now we define a
representation of G in Lz(G’ ). This will provide us with the second

type of operators that will generate the crossed product.

2.7 Definition. For every t € G we define a bounded operator
A(t) on Lz(G’ ) by

(D) O(s) = £ 's)

with ¢ eCc(G, X) and s €G.
It follows easily from the invariance of the Haar measure that

such an operator exists and is isometric.

2.8 Proposition. A is a strongly continuous unitary representa-
tion of G in_ Lz(G’ ).

Proof. It is straightforward to verify that A is indeed a repre-
sentation of G and that A(t) is unitary for all t € G. The proof of the
strong continuity can either be obtained in a similar way as in the case
LZ(G), or can be obtained from the corresponding result in LZ(G).
Indeed, let &= io ®f with ‘;’0 €X and f € Cc(G)' Then if we denote

left translation by t™* in LZ(G) by A, we get

(W) = &7 's) =1t )¢, = OWDE)E, = (£, B AD(S).



It follows that A(t)=1® At and the strong continuity in Lz(G’ )

follows from the one in Lz(G) [11, p. 118].

The following relation shows that in the representation 7 the

automorphisms @, are unitarily implemented by the operators A(t).

t

2.9 Lemma. Forall xeM and t € G we have
MOE)A)* = 7(e, ().

Proof. Let ¢ eCc(G, J¢) and s € G, then

(A®)m)A(t)* E)(s)

(TEAO*E ') = @ _ @O®*HE 's)
s 't

as_l(at(X))é(S) = (n(e,(x))§)(s)

and the result follows.

It follows from this lemma that linear combinations of operators
of the form #(x)A(t) with x € M and t € G form a *-algebra. Indeed,
let x, y e M and t, s € G then

7()AL)7(y)A(s) = (DA 7FIA)*A(t)A(s)
7(x)7n(a (y))A(ts)

7(xa, (y))A(ts)

and

(TEOA)* = AO*7(x*) = AEITEANE)*AE D) = (@ _ (N,
t
We now come to the definition of a crossed product.

2.10 Definition. The crossed product of M by the action & of
G is the von Neumann algebra generated by the operators
{1(x), A(s) lx €M, s € G} and is denoted by M ®a G. Because of the
preceding it is the closure of the *-algebra of linear combinations of

products 7#(x)A(s) with x e M and s €G,

2.11 Example., Assume that G only has two elements {e, s)
where e is the identity. Then as in 2, 6 the space Lz(G’ J¢) is identified
with JC @ 3 and for #n(x) we get

10



X 0
7(x) =
0 as(x)

as here ae(x) =x and « _l(x) = as(x). Also
0 1

A(s) =
1 0

andas M ®a G = {a(x) + 71(y)r(s) lx, y € M} we have in this case that

the elements of M ®a G are precisely those of the form
X y

as(y) aS(X)

with x, y € M.
It is straightforward to check that those operators indeed form a

*-.algebra.

There are various other ways to construct the crossed product
M ®a G. A particularly easy one to work with can be obtained in the

case where ¢« is implemented.

2.12 Proposition. Assume that there is a strongly continuous

unitary representation a : s-’aS of G in I such that as(x)zasxa;

for all x € M and s € G. Then with the unitary operator W defined on
Lz(G, 3) by (WéE)(s) = asﬁ(s) for ¢ eCc(G, ¥) and s € G, we obtain

7(x) = W*(x ® 1)W

A(s) = W*(aS ® )\S)W.

In particular M ®a G is spatially isomorphic to the von Neumann algebra

in X® LZ(G) generated by the operators {x ® 1, as®)‘s |x €M, s eG}
(recall that A is left translation by st in L,(G)).

Proof, It is easily seen that W is well defined by
W &) (s) = aséﬁ(s) for ¢ € Cc(G’ JC), that it is unitary and that
(W*E&)(s) = a;éﬁ(s). Now if x € M we can define an operator X on
Lz(G’ X) by (X&(s) = x&(s) for éjeCc(G, X). If & is of the form

11



go ® f with go €X and f € CC(G) we get x£&(s) = xf(s)g0 = f(s)xgO =
(x&, ®1)(s).

Therefore X =x® 1 and we obtain that x ® 1 maps Cc(G’ X)
into Cc(G’ JC) and that

((x® 1)§)(s) = x&(s).
Then

(WH*(x® W E)(s) =aX((x® VW E)(s) =ag x(WE)(s)=a¥ xa _&(s)
=a _ (x)és) = (1(x)€)(s)
S
proving 7(x) = W*(x ® 1)W,
Similarly (a  ® A £ = asg(s‘lt) for & €C(G, %) so that

(WH(a, ® A JWEND) = ax((a, ® A IW )
=afa (WH(s™'0)

=a_,a _, E(s_lt)
t ss 't

= s
= (\(s)&)(t)
and
A(s) = W*(as ® )\S)W.

In many situations it is much easier to work with the form
{x®1, ag ® )‘s x €M, s € G}, as we will see e.g. when we treat the
duality theorem in section 4, From propositions 2.5 and 2. 8 and lemma
2. 9 it follows that there is always a faithful normal representation of M
in which the action is unitarily implemented in the above sense. This,
together with the following proposition shows that in fact it is no restriction
to assume that the action is unitarily implemented, and so that one can

as well work with the simpler form above.

2.13 Proposition. Let M and N be von Neumann algebras,

and 7 an isomorphism of M onto N. Suppose @ and [ are continuous

actions of G on M and N respectively, related by T(at(x)) =ﬁt(“r(x))

12



for all x € M and t € G. Then there is an isomorphism 7 of M ®a G
onto N ®B G.

The proof of this proposition can be obtained using the structure

of isomorphisms (see [16]). We do not give this proof here as it will

follow easily from later results in section 3.

3. THE COMMUTATION THEOREM FOR CROSSED PRODUCTS

At the end of the previous section we obtained another expression
for the crossed product, more related to the tensor product structure of
Lz(G’ )= Lz(G)' In this section we will get still another character-
ization; namely we will show that M ®a G is the fixed point algebra in
M® (B(LZ(G)) for a certain actionof G on M ® (B(LZ(G)). In the case
where a is spatial this yields a characterization of the commutant of

M ®a G. We first prove the following.
3.1 Lemma. M ®a GEM® (B(Lz(G)).

Proof. We have seenthat A(t) =1® )‘t so that obviously
AMt) eM ® (B(Lz(G)). So the proof will be complete if we show that #(x)
and x'® 1 commute for every x € M and x' € M' as this will imply
that #(x) e M ® (B(LZ(G)). Now as in the proof of proposition 2, 12 we
have that (x'® 1){ € Cc(G’ X) for each £ € Cc(G’ ) and that
(x'®1)&)(s) = x"£(s). Thus

(1(x)(x' ® 1)£)(s)

o _ (x)x's)
S

xa _ (R)Es)
s

(x' ® 1)n(x)£)(s)
so that 71(x)(x' ® 1) = x' ® 1)7(x).

Now we define an action 9 of G on M ® (B(Lz(G)).

3.2 Notations. As before let )‘t denote left translation on
L,(G), so (3 )(s) =f(t"'s) for f €L,(G). We will also use right

translation, so define Py for each t € G by (ptf)(s) = A(t)Ef(st) where
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fe Lz(G) and A is the modular function of G. Thenalso p isa
continuous unitary representation of G in LQ(G) [see 11, p. 118].
Denote by a,dpt the mapping a = ptap‘t* from (B(LZ(G)) into itself, As
we remarked before t = a.dpt will be a continuous action of G on
(B(LQ(G)). Then define Bt on M® (B(Lz(G)) by et =a, ® adpt. It is
fairly easy to see that 6 is againanactionof G on M ® (B(LZ(G)). The

continuity of 6 follows from the following proposition,

3.3 Proposition, Let a and S be continuous actions of G on

von Neumann algebras M and N respectively, then %N = % ® Bt defines

an action y of G on M ® N which is also continuous.

Proof, First remark that % is defined by yt(m ® n)= at(m)®ﬁt(n)
and that % is indeed a *-automorphism of M ® N [14, p. 67]. Itis
also immediate that ) is an action of G. Because M and N are con-
sidered with their strong topologies instead of norm topologies the
continuity of y 1is not obvious but requires an argument, Suppose first
that @ and B are spatial. So, if M and N actin ¥ and X
respectively, there are continuous unitary representations a and b of
G on X and X respectively such that at(x) =axa¥* and Bt(Y)=thbf

Tt

for x €M and y € N, Then u, = a ® bt is well defined and u is again

a continuous unitary representa:ion of G on X ® X, Indeed t = ut’g'
will be continuous on linear combinations of vectors of the form ’g’l B 52
with £ €3 and £ €X and they are dense. Now @, (x) ® B,(y) =
ut(x 'Y y)ui* so that yt(z) =u.z ui* for all z e M ® N and the continuity
of y follows,

In the general case there are normal faithful *-representations
m of M in JCl and , of N in 3(32, and continuous unitary repre-
sentations a and b of G in JCl and JCZ respectively such that
7 (@ (x) = a7 (x)ay and 7 (8(x)=b7 (x)bf. Againif u =a @b

and 7= m ® m_ then n(yt(z)) = utn(z)u‘t*. So t= n(yt(z)) and hence

2
t— yt(z) is strongly continuous, because also 7 is a normal faithful

*-representation of M ® N,

Let us now come back to the action 6 of G on M ® (B(LZ(G)).
It is obvious that Bt(A(s)) = A(s) forall t, s € G as left and right trans-

14



lations commute, As we will see also 9t(11(x)) =a(x) forall t € G and
X € M so that 9t(§) =% forall XeM ®a G. The main difficulty however
is to show that any fixed point in M ® (B(LZ(G)) isin M ®oz G.

In our approach we will essentially work with the map X = Iet(?{)dt.
This is no problem when the group is compact. In fact, provided the
Haar measure is normalised, this gives a normal projection onto the
fixed points., Because G need not be compact we will have to use the

appropriate approximation, We start with a general basic lemma.

3.4 Lemma. Let X e M®®(L_(G)) and K a compact setin G,
then [, 6, (X)dt is well-defined in the o-weak topology on M ® G(L _(G))
—— ‘Kt 2

and the map
X= IK 9t(x)dt

is o-weakly continuous,

Proof. Denote for a moment M = M ® (B(LZ(G)) and
R=mn® Lz(G)' Let & 71 € &, then t ~<9t(§)§, 1) is continuous
and we can define IK<9t()~{)§, n)dt. This expression is clearly linear

in £ and conjugate linear in 7 and because
| 10, @8, mat] = [ Ko,®g n)lde= %] £l o
we get the existence of a bounded operator ¥ such that
Fe m) = [L0,®¢ m)dt forall &7 e .
Now if z € 1\71', the commutant of M, then
(0,®)Z¢, n) =(Z0,(®&, n) = (6%, 2*n)
so that also
(¥ z&, n) =(§¢, 2*n) =(2¥¢, n) .
Hence yz =zy and y € M.

Next let ¢ be any o-weakly continuous linear functional on 1\7[,

then ¢ is approximated in norm by a sequence ¢n of linear combinations
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of functionals of the type X = (X¢, 7). For any ¢, we have
¢ () = Ix ¢ (6,(X)dt

so that

A

6F) - T 9(6,(0)at] = [6®) - 6 G| + fi [6(6,() -, (6,()]att

o - o 150 + o - o, 150 1 ot

A

so that also ¢(y) = IK ¢(6t(§))dt and the integral exists in the o-weak
topology.

It remains to show that the map x = J'K Gt(;()dt is normal because
that implies o-weak continuity. So let {;(i} be an increafing net of
positive elements in M with supremum X. For any ¢ € 3 we will have
that (et(ii)ﬁ, £t (et(?:)é, £) for each t and as in the proof of

proposition 2, 5 we can use Dini's theorem to get that
(b x)an e, £) = [ (6., £rdt=[(6,R)E, £at=([8,®dt)s, &

Therefore J'K Gt()'ii)dt # IK Gt()'i)dt and the proof is complete.

To get into the fixed points for 0, it really ought to be possible
to integrate over the whole group G. In general the integral over G of
Gt(;() will not be defined. However because of the very special form of 6
here, it will be defined for enough elements in M ® (B(Lz(G)) to allow an
approximation procedure. The main reason for this is that pt isa
translation, so that also a.dpt acts as a translation on multiplication
operators, and similarly Gt. Therefore multiplication operators provide

us with the right objects in our approximation procedure.

3.5 Notation, Let f ¢ Cc(G), then we denote by m, the multi-
plication in L2(G) by the function f, so (mfg)(s) = f(s)g(s) for all
g eCc(G). Similarly we denote by m(f) multiplication by f in L2(G, ),
so (m(f)&)(s) = f(s)é(s) forall £ ¢ Cc(G, JC). Also here we will have

that m(f) =1® m,. Indeed let go € and g € Cc(G) then

(m(f)(éo B g))(s) = f(s)g(s)§, = (mfg)(S)éo =(§® mfg)(S).
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The following lemma is crucial,

3.6 Lemma. If fe¢ Cc(G) then Iet(m(f))dt = [f(t)dt - 1 in the
o-weak topology where 1 is the identity operator on LZ(G, ).

Proof. Let us first see what Gt(m(f)) does. By definition
= *
Bt(m(f)) =1® pymep¥. Take g € CC(G), then

(ptmfpt*g)(s) = A(t)f(mfpz‘g)(st)
= A(t)*f(st)(fe)(st)

= f(st)g(s).

This implies that (Gt(m(f))if,)(s) = f(st)£(s) for any £ € CC(G, J¢). Now
let h € Cc(G)’ then Bt(m(f))m(h) will be multiplication by the function
¢t(s) = {(st)h(s). Because h and {f have compact support, and a product
of compact sets is compact, the function (pt will be identically zero for

t outside some compact set, and hence t— Bt(m(f))m(h) will have
compact support. Then in a similar way as in lemma 3, 4,
IGt(m(f))m(h)dt exists in the o-weak topology. Thenlet &, 3 ECC(G, ),
we get

[ €6, (m(D)m(h)¢, n)dt = [([E(st)h(s)&(s), n(s))ds)at
= [((h(s)&(s), n(s)) [ i(st)dt)ds
= [f(t)dt « [<h(s)&(s), n(s))ds
= [f(t)d{m(h)&, 7).

(We may use Fubini here as we are only integrating over compact sets. )

Hence
J ,(m(D)m(n)dt = [ £(t)dt - m(n). *)

Next let £ ¢ Lz(G)’ then there is a sequence of compact sets Kn, such
that Kn increases to UKn containing the support of £ Then choose an
increasing sequence hn € CC(G) with 0 = hn =1 and hn =1 on Kn'

If now f =0 we will have (et(m(f))m(hn)g, £) =0 as 6,(m(f) and

m(hn) are commuting positive operators. Because hn is increasing,
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also <9t(m(f))m(hn)g, £) will be increasing. Finally
It & - £* = 1 In(&)5(6) - £6)]%s = I 566 a8~ 0
as Kn increases to UKn containing the support of £ Therefore
(6,(m(e)m(h )¢, &) # (6 (m(D)E, &
while also (m(hn)g, £) #(& &). From (*) we had already that
[(e,(m(®)m(h )¢, E)dt = | {BdKm(h )L, &)
and then by the monotone convergence theorem we have
{6, (m(@)g, &dt = [OAE, &) .

Now as any positive normal functional ¢ can be obtained as a limit of an
increasing sequence of positive linear combinations of vector states,

again by the monotone convergence theorem it follows that
[ $(6,(m(D)dt= [ £(t)dt ¢(1).

It then follows by linearity that the integral | Gt(m(f))dt exists in the
o-weak topology and that it equals [ f(t)dt - 1. This completes the proof.

3.7 Lemma, Let f and ge¢ CC(G), then for all ;:eM®(B(L2(G))
we have that | Gt(m(f);: m(g))dt is well defined in the o-weak topology,

and the expression is o-weakly continuous in X.

Proof. Let & 7 €L (G, %), then

(6, (m®Fm(e)s, n)| = [Z] [ 6,(m(e) ¢l |6 (miEn |
where as usual f(s) = f(s). Now from lemma 3. 6 we know that

leym(e) el = (6,(mleg))e, &

is integrable over t so that t = ||9t(m(g))£|| is an Lz-function. Similarly
t— || Gt(m(f))n || , and because the product of two Lz-functions is L1 we
have that t = (et(m(f)i m(g))¢, n) is integrable, Furthermore
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| Ko (m®Fm(g)t, n)at| = [IZ] f]l6yme) ¢l |6 (m@)nlat
%1156, (i) £l %at (1 |6,y [ 2a0)®
HECIRE NGRS HIEL

= %Il el el 1.

Then as in lemma 3,4 thereisa Yy e M® (B(LZ(G)) such that

IA

§&, n) = {6 (m(tXm(g))¢, n)dt

forall & 7n ¢ Lz(G’ ).
Next suppose g =1f and X = 0, then as in the proof of lemma 3. 6

we can use the monotone convergence theorem to get that
9G) =  9(6,(m(DF m(D)))dt

for any positive normal functional ¢. Then by polarization also
9(¥) = § 9(6,(m(f)Xm(g)))dt in general.
Finally to prove o-weak continuity, let £ € Cc(G’ ), then

t = (6, (mExm@)E, &

has compact support as (Gt(m(f))ﬁ)(s) = f(st)&(s) and f and ¢ have

compact support, It then follows from lemma 3. 4 that
X = [ (6 (mDxm(@)s £at

is normal. As in the proof of proposition 2. 5 this is sufficient to conclude
that

= Gt(m(f)im(f))dt

is normal and therefore o-weakly continuous. The result then follows by

polarization.
3.8 Lemma. If xeM and feCc(G) then
] Gt(x ® mf)dt = f(t)n(at(x))dt

in the o-weak topology.
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Proof. The first integral exists because of lemma 3, 7 while the
second can be shown to exist as in lemma 3.4, Take £ ¢ Cc(G’ 30,
then as before

t=(6,(x ®m), &)

has compact support and

[(6,x® m)&, £t = [f (e ilst)i(s), &(s))ds at
=[] f(sta(x)£(s), &(s))at ds
= [[f(uXa _ (@ (x)&s), &(s))duds
= f(u)((ﬂsiau(X))ﬁ)(S), £(s))ds du
= [ f(u)a(a (x)¢, &)au.

The calculation is quite similar as in lemma 3. 6. Also here we can use

Fubini's theorem as we are always integrating on compact sets.

This lemma shows already that Gs(n(x)) =2(x) forall x ¢ M and
s € G. Indeed, apply GS to the equality in lemma 3. 8, This can be done
as the integrals exist in the o-weak topology and *-automorphisms are
o- weakly continuous.

So | es(et(x ® mf))dt = If(t)es(n(at(x)))dt. But
{ GS(Gt(x ® mf))dt = Gst(x ® mf)dt = Gt(x ® mf)dt so that
) f(t)es(n(at(x)))dt = f(t)ﬂ(at(x))dt. This holds for all f € Cc(G) so
that Gs(n(at(x))) = n(at(x)) for all s and for all t. Hence os(ﬂ(x))= 7(x).

Proposition 2, 13 can now also be proved using this result. We
will do this at the end of this section. We should remark that lemma 3. 8
can be obtained somewhat more directly but we need the different steps
anyway in what follows.

So we have Gs(n(x)) = 7(x) and we had already that OS(A(t)) =(t).
Hence Os(i) =% forall XM ®, G. We now proceed to show that
actually any fixed point is in M ®a G.

3.9 Lemma, Forall f, ge Cc(G) we have that

[ 6 (m(Xm(g)dt e M ® , G for all XeEM® ®(L,(G)).
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Proof. First take X of the form x® mh)\s with x € M,
s €G and he Cc(G). Then

Gt(m(f)x m(g)) = Gt(x ® mfmhksmg)
Gt(x ® m¢)\s)

= Gt(x ® m¢)>\(s)

where ¢(u) = f(u)h(u)g(s™ 1u).
In any case, by lemma 3. 8 we get

! 9t(m(f)§ m(g)dt = [ $(t)7(q (X)A(s)dt e M ®  G.

Now the operators mhxs with h € Cc(G) and s € G span a o-weakly
dense subalgebra of 03(L2(G)) (see appendix B) so that by the o-weak
continuity of the expression in X (lemma 3. 7) we obtain the present

lemma.

If the group G is compact we would get the result here already.
Since with f =g =1 we would have that | Gt(i)dt €M ®a G for all
XeM® 03(L2(G)), and if X is a fixed point we would get X e M ®a G.
The general proof that follows is entirely based on the same principle

but uses an approximation argument. We need one more lemma.,

3.10 Lemma. Let h eCc(G) and K compact. Then the
function ¢, defined by ¢K(s) = IKh(st)dt is again in CC(G). Moreover
m(¢K) = IK Gt(m(h))dt and m(¢K) converges to [ h(t)dt- 1 in the
o-weak topology when K increases to G.

Proof. It is well known that ¢, is again continuous and has
compact support [11]. Now take & €C (G, %), then
Ig{0(mM)E, £)dt = [ [ (h(st)&(s), &(s))ds dt
= K(gh(st)dt)&(s), &(s))ds
= [{¢g(8)&(s), &(s))ds
= (m($)¢, &).
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Finally assume h=0 andlet ¢ e Cc(G’ ). Because t-’(Ot(m(h))é, &)
has compact support, obviously

(S 0,mPNAE, £)7((] 6, (mm)AVE, &) = [hOAKE, &) .
And because IK Gt(m(h))dt = Iet(m(h))dt = fh(t)dt - 1 we get that
IK Gt(m(h))dt r Ot(m(h))dt.

The general case follows by polarization.

We now prove the main theorem in this section.
3.11 Theorem. M® G= {XeM® (B(LZ(G))IGt(;{) =X,VteG].

Proof. We have shown already that Gt(;{) =X forall t €eG and
XeM ®,G. Conversely takea X €M ® (B(LZ(G)) such that Gt(;{) =X,
We will now show that X e M ®a G. Fixa function f € CC(G) and
normalize it so that [ f(t)dt = 1 and define q)K as in the previous lemma
for any compact set K in G by q)K(s) = IK f(st)dt. By the same lemma
m(q)K) = IK Gt(m(f))dt. Put

T = 1 6, (m(9)% mip)et.

Then from lemma 3. 9 we know that ;{K eM ®a G. We will now show that
for any h € C_(G) we have iKm(h) -+ Xm(h) and m(h)?cK =+ m(h)X. Then
it will be easy to conclude that X e M ® o G. So choose h € Cc(G)’ then

Fem(h) = | 6,(m(9, )% m(f)m(h)dt = [ 6, (m(gy )% 6,(m(D)m(h)dt.

Now as before t = Gt(m(f))m(h) has compact support, independent of K,
so we are only integrating over a compact set, and then by lemma 3. 4
we have o-weak continuity. Then if K increases, m(¢K) =1 by lemma
3,10 as f is normalized such that [ f(t)dt = 1. Then

;(Km(h) - 9t(1)§ 8, (m(f))m(h)dt = X[ 6,(m(f))m(h)dt = % m(h).

To show that m(h)iK-' m(h)X is less immediate:
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m(h)X, = § m(h)6, (m(9))X 6, (m(f))dt
= [(Jx m(h)6, (m(f)X 6,(m(f))ds)dt
= fg(§ m(h)6, (m(f)X 6, (m(f))dt)ds

= I/ A(S)'lm(h)Gu(m(f))i 6 _,(m(f))du ds
us

= [ Als™Hm(n)e (m(E)X 6 _, (m(f))ds du
us

m(h)9u(m(f))§ Gus(m(f))ds du

=11

= Jfm(h)f (m(f)X 6 (m(¢ _ ))du.
K
Again we can use Fubini as we are only integrating over compact sets,
Similarly as for §Km(h) also here we are integrating u only over a

compact set, namely the support of u= m(h)9u(m(f)) which is independent

of K. Thenas K increases, also K™! will do so and m(¢ _1)-'1.

K
Then as for iKm(h) also here

m(h);{K = m(h)X,

Now by similar methods as in [12] we can show that X € M ®, G. Indeed
let ye(M ®a G)', then

m(h)§ ¥ m(h) = lim m(h)§ )?K m(h)
K

= lim m(h)X,, ¥ m(h)
X *K

m(h)X § m(h)

where we have used that §K €M® G. Finally let m(h)71 and we get
¥ X =X §. This completes the proof,

To see more clearly what the above method has to do with tech-
niques in [12], remark that m(h);(K -+ m(h)X implies that )?I"‘{m(h)*-*i*m(h)*.
Then take X=x* and h=h so that not only §Km(h)-’§m(h) but also
;?I*(m(h)-’;( m(h). Then if geCc(G, 3¢) and h=1 on the support of £ so that
m(h)é= £ we would get §K£-’§£ and il*(ﬁ-'iﬁ. In particular iﬁe(ﬁ@)s &
The fact is that this is now true for a dense set of vectors.

Now it is obvious to obtain a characterization of the commutant of
M ®a G if a is spatial.
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3,12 Theorem. If @ is spatial, that is if there exists a con-

tinuous unitary representation a : s = as of G in & such that

a (x)=a_ xa* then
S S s —/—

M®, G ={x'®l, as®ps|x' eM', s €GJ".
Proof. By theorem 3.10 we have
M®, G=1{XeM® (B(LZ(G))IGt(;c) =%, VteG}.
~ ~ «_= _

Now Ot(x) = X means (at®pt)x(at®pt) =X as Ot— at®ad Pye Hence
M®,G=M®GL,(G)n {a, ®ps|s €G}'

and (M ®, G)'= (M'® 1)U {as®ps|s eGH".

To finish this section, as promised we give a proof of proposition
2.13 of the end of the previous section. We give here a more precise

formulation.

3.13 Proposition, Let M and N be von Neumann algebras

acting in Hilbert spaces & and X respectively and let 7 be an iso-

morphism of M onto N. Suppose @ and B are continuous actions of

G on M and N respectively, related by T(at(x))=Bt(T(x)) for all

x €M and t €G. Then 7= T7® 1 is an isomorphism of M ®ﬁ G onto
N®B
representations as defined in 2. 4 associated to @ and B respectively.

G such that ?(na(x))=nB(T(x)) where x €M and 7 and ﬂB are the

Proof. As was proved in lemma 3.1 we have M ®aG§M®03(L2(G))
and N ®l3 GCEN® 03(L2(G)) and T: M ® 03(L2(G)) - N® 03(L2(G)) so that
7 is well defined on M ®a G.

From lemma 3. 8 we know that
* —
f at(x) ® P, m; P dt= | f(t)ﬂa(at(x))dt

forany x €M and f € CC(G).
Apply 7= 7® 1 to this equation. Then
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(e, () ® p, m, pf dt = [ 1(t)7(n (e (x))dt
= Bt(T(X)) ® p, m, py dt

= [ 175Gt

by lemma 3. 8 applied to N and 8.

Hence If(t)ﬂB(Bt(T(x)))dt = If(t)?(ﬂa(at(x)))dt forall f € CC(G).
So as before ﬂB(T(X)) = ?(wa(x)). Obviously 7(M(s)) = A(s) and it follows
that

(M ®a G)=N®B G.

This completes the proof.

4, DUALITY

In this section we will assume that G is commutative, and we
will consider the dual group G of G. If p is a character in f}, then
(s, p) will denote the value of p in the point s € G. G is again a locally
compact group and we will write dp for the Haar measure on f} We
assume that the Haar measures on G and G are normalized in such a
way that the Fourier transform becomes a unitary operator,

We will now define an action & of G on M ®a G in such a way
that the crossed product (M ®a G) ®&G can be shown to be isomorphic
to M® 03(L2(G)).

4.1 Notation. For every character p € G we denote by vp the
unitary operator on Lz(G) defined by

(vpf)(s) =(s, p) f(s) forall f € CC(G).

It is easily seen, that such zi.n operator vp exists and is unitary,
and Ehat v is a representation of G in Lz(G)' Because the topology
on G is precisely the one of uniform convergence on compact sets we
will have that p = vpf is continuous for every f € Cc(G)’ This implies
that v is a continuous representation,

We will now show that (1 ® vp)i(l ® vp)* €M® G for any

XeM® G,
o
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4.2 Lemma. v A vE= (s, p)r, forall seG and p €G.
Proof, Let f eCc(G), then
* - *
(vp)\svpf)(t) (, p>()\svpf)(t)
=, » (VI’;f)(s_lt)
=@ p)s't, pX(sT'Y)
=(s, P(A f)(®).

4,3 Lemma., (1® vp)n(x)(l ® vp)* = #(x) for all x € M and

~

p €G.

Proof. If ¢ €C (G, 3), then as before ((1® vp) &) (s)=(s, p)&(s)
so that

(@ ®v 1) E)(s) = (s, pra _ (x)£(s)
S

a _ (xXs, p)&(s)
S

()1 ® v )E)s).

4.4 Definition. Define &p(i) (1®v )x(l ® v )* forall
XeM ® G and p €eG. As M ® G is generated by #(x) and A(s)
with x € M and s € G, it follows from lemma 4. 2 and 4. 3 that
@ (x) eM ® G. Hence a is a continuous action of G on M® G.

The action @ is called the dual action.

Of course @ is dependent on @ because M ®a G depends on «a.
The following proposition shows however that in some sense a like

M ®a G is independent of the particular representation of @ on M,

4.5 Proposition. Let M and N be von Neumann algebras and

7 an isomorphism of M onto N. Suppose & and B are continuous

actions of G on M and N respectively such that 'r(at(x)) =Bt('r(x))

forall teG and x e M. Then 7= 7® 1 is an isomorphism of

M ®a G Aonto N ®B G such that ?(&p(f{)) = Bp(?(}?)) for all X eM®aG

and p € G.
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Proof. We showed already that 7 is an isomorphism of
M ®a G onto N ®B G. Now 7 is also definedon M ® (B(LZ(G)) and

it makes sense to write
Fa X)) = T(1 ® v )T(X)TA ® v*).
( p( ) = 7( p) (X)7( p)

But 71 ® vp) =(T®1)A® vp) =1® vp (where 1 denotes the identity
in both M and N). So

?(&p(i)) = (18 v)FR(1 ® v )* = ép(?(i)).

In what follows we will consider the crossed product
(M ®a G) ®&f} of M ®a G Dby the action @ of G. It is a von Neumann
algebra acting in X ® Lz(G) ® Lz(G)' Because of proposition 4. 5, also
in studying this crossed product we may assume that « is spatial, since
with the notations of proposition 4. 5 we have that 7® 1 ® 1 will be an
isomorphism of (M ®a G) ®&G onto (N ®B G) 85 f‘i

We are now going to show that (M ®a G) ®&G is isomorphic to
MR (B(LZ(G)). We will do this in a number of steps. We will assume
that a is spatial which is no restriction for this purpose, and show that
in that situation, (M ®a G) ®&G is actually spatially isomorphic with
M® (B(LZ(G)) ®1,

4,6 Lemma. Denote (RO = (M ®a G) ®& f}, and assume that

a:s— ag is a continuous unitary representation of G in 3 such that

at(x) =a X az‘ forall t €« G and x € M. Then (RO is spatially isomor-

phic to the von Neumann algebra (Rl in X® Lz(G) ® Lz(f}) generated

by the operators

{x®1®1,a ®2 ©1, 1®vp®>\p|xeM, s €G, peGl

where )‘p is left translation on Lz(f}) by p L.

Proof. Because o is spatial it will follow from proposition 2, 12
that (M ®a G) ®&G is spatially isomorphic to the von Neumann algebra
generated by
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(*) {i@l,1®vp®xp|§eM®aG,peé}.

Now also by this proposition W(M ®oz G)W* is generated by

{x®1, a ® Aslx €M, s € G} where W is defined by (Wé)(s)=asé(s),
e Cc(G’ X). Furthermore, W and 1® vp commute (in a similar way
as 7(x) and 1® vp commute) so that if we apply (W ® 1). (W* ® 1) to

the set of operators in (*) we obtain the lemma.,

4,7 Lemma. (Rl is spatially isomorphic to the von Neumann
algebra (Rz in £® Lz(G) ® Lz(G) generated by

{x®181, a ®A ®1, 1®vp®vp|x€M, se€G, peGl.

Proof, We use the Fourier transform from Lz(f}) onto Lz(G)'
So let § be the unitary operator from Lz(f}) onto LZ(G) such that

(F1)(t) = [ (X, p)i(p)dp for all f ecc(é).

Then to prov? the lemma it will be sufficient to show that EFAqEF* = vq
for any q € G because thenwe apply (1 ® 1 F) - (1 ® 1 F*) tothe
operators generating (Rl to get the operators generating (Rz. Therefore
let f € cc(é), then

(EA D0 = [ € DY D) = | (6P @ *p)dp = | (T, ap)f(p)dp
=, @[, pXp)dp = & D(FH() = (v T,

For the last equality, to be precise, we should have defined v_ on

Lz(G) by (vqg)(s) =(s, q)g(s) forall ge¢ Lz(G)' Because also this
gives a unitary operator, and Cc(G) is dense, it follows that one can
write (vqg)(s) = (s, q)g(s) also with our first definition of vy On Cc(G)'
Then this is applied to g = Ff which is in Lz(G) but not necessarily in
C.(G).

4,8 Lemma, (Rz is spatially isomorphic to the von Neumann
algebra (R3 ® 1 acting in X ® LZ(G) ® LZ(G) where (R3 is the von
Neumann algebra in X ® Lz(G) generated by the operators

{x®1, a ® 2, 1®vplx€M, s €G, peGl.
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Proof. We will identify Lz(G X G) with Lz(G) ® Lz(G) by
means of the map that associates to f ® g with f, g € CC(G) the
function (s, t) = {f(s)g(t) in Cc(G X G).

Then we define a unitary U in LZ(G X G) by (Uf)(s, t)=1i(st, t)
where f € Cc(G X G). Clearly U maps Cc(G X G) onto itself and it
is easy to see that it is isometric.

Because vp ® vp and )\r ® 1 can easily be seen to act on
LZ(G X G) as

((vp ® vp)f)(s, t) = (s, p)Xt, pi(s, t)

and (()\r ® Di)(s, t) = f(r_ls, t) where r, s, t €eG and p € G and
fe Cc(G X G), we get the following relations

(U*(v, BV )UI)(s, )= ((vp@vp)Uf)(st‘l, t)=(st'}, p><t,_p>(Uf)(st‘ Lty
={s, p)(s, t) = ((vp ® 1)f)(s, t)

and

(U, ® DU(s, H) = (1, ® DU (st™?, t) = (Uf)(r ™ tst™?

, 1)
=f(r"'s, t) = (O, ® D), t).

So U*(vp ® vp)U = vp ®1 and U*()\r ® 1)U = A ® 1 and if we apply

(1 ® U*) - (1 ® U) tothe operators generating (R2 we obtain the operators

{x®1®1,a ®2 ®1, 1®vp®1!xeM, s€G, p G

proving the lemma.

We now come to the final step:

4,9 Lemma. (R3 is spatially isomorphic to M ® (B(LZ(G)).
Proof. Let us again consider the unitary W defined by
(Wé)(s) = a_é(s) for & eC (G, X).

We know that A(s) =1® )\S = W*(as ® )\S)W by proposition 2,12,
Denote by N the von Neumann algebra generated by {Vplp € Gl.
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Then N = N' (see appendix B). As W commutes with 1 ® Vp we have
WH(1® NW =19 N,

As W*(x ® 1)W = 5(x) we also know that W*(M®1)W§M®(B(L2(G)).
In fact also W*(M® 1)W € M ® N because #n(x) and 1® vp commute,
So W*(M® N)W C M ® N, Now similarly also WM ® NJW* C M ® N
so that W*(M ® N)W = M ® N, Then we obtain that W*(R3w is generated
by W*(M ® N)W and W*(as ® AS)W, thatis M®N and 1® )\S. Now

because N and >‘s generate (B(LZ(G)) we get the desired result,

Combining lemmas 4. 6 to 4. 9 and proposition 4. 5 we get the

following theorem, also if a is not spatial.

4,10 Theorem. (M ®a G) ®&f} is isomorphic to M ® (B(LZ(G)).

We feel that the main point in this result lies in lemma 4. 9 and

especially in the formula
{n(x), 1®Vp XxeM, veGlm= {x®1, 1®vp|x eM, veG" .

In some sense this means that including the multiplication operators Vp

makes it possible to get away with the 'twisting' effect of @ in the

definition of #(x). This is easily illustrated in the finite case. There

7(x) 1is given by the diagonal matrix with elements

(a _l(x), a _l(x), e, @ _l(x)) on the diagonal. Including the operators
1 S, Sn

v_, we include all diagonal operators with scalars on the diagonal. If we

multiply #(x) with the diagonal operator with (1, 0, ..., 0) on the

diagonal we get multiplication with (¢ _l(x), 0, ..., 0). Sowegetalso

s

multiplication with (x, 0, ..., 0) and \lve obtain all diagonal operators

with entries in M.

Let us now look closer to the duality structure involved. So we
started off with a covariant system (M, G, @) where M is a von
Neumann algebra, G a locally compact abelian group and a a continuous
action of G on M. To this triple we have associated a new one (1\7[, E}, &)
where M =M ®oz G, G the dual group and @ the dual action. The duality

would be perfect if we got the original triple back by repeating the same
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operation to (1\7[, f}, a). Of course the best one can ask for is to get the
original system back 'up to isomorphism’' whatever this may mean in the
present situation. Now the dual group of G is again G, so that is no
problem. We also know now what (M ®a G) ®&f} is, namely

M® 03(L2(G)) up to isomorphism, and here real duality breaks down
already, except in a special, though important case. Indeed if G is
separable, then Lz(G) is separable, and if M is properly infinite,
then M ® 03(L2(G)) can be shown to be isomorphic to M (see appendix
C). So in that situation we also get the von Neumann algebra back. The
question remains what happens with the bidual action @, i.e. the action
of G on (M ®a Q) ®&f} dual to @. There we must first see how @&
is transformed under the isomorphism of (M ®a G) ®&G with

M ® B(L_(G)).

4,11 Proposition. The bidual action & of G on
(M ®a G) ®&f} is transformed under the isomorphism with M ® 03(L2(G))

described in this section to the action 6 defined in section 3.

Proof. The bidual action & is dualto & and implemented by
the unitaries 1 ® 1 ®vs where s € G and vy is defined on Lz(f}) by
(vsf)(p) = (s, p)i(p). Sowe must seehow 1®1® v is affected by the
different steps in lemmas 4. 6 to 4. 9.

First we have the unitary that transforms (M ®a QG) ®&f} onto
the von Neumann algebra generatedby {X®1, 1 ®vp®hp |%eM ® G, peG).
This unitary commutes with 1 ® 1 ® vs justas W commutes with
18 vp, as was shown in that proof, by analogy. Of course also W® 1
commutes with 1 ® 1 ® \A and therefore the bidual action & is trans-
formed to the action on (Rl implemented by 1®1Q® Ve

Inlemma 4, 7weused 1®1®F to transform (Rl to (Rz and
the action & will be transformed to the action on (Rz implemented by

1918 EFVSS’*. A similar calculation as in lemma 4. 7 shows that

(v F*)(t) = [ &, p)(v F*)(p)dp = [(t, pXs, p)(F*)(p)dp
= [ (ts, p) (F*)(p)dp = f(ts)
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forany f € CC(G). So SFVSSF* =p, as the modular function A is

identically 1. Of course ps =2 ., 38 G is commutative, but we will
s

continue to use ps. In lemma 4. 8 we used the unitary 1 ® U* to trans-

form (Rz into (R3 ® 1 and the bidual action will be transformed to the

action (R3 ® 1 implementedby (1 ® U*)(1®1® ps)(l ® U). Now let

fe Cc(G X G) then

(U*(1 ® p )U)(r, H) = (1 ® pJUN(xt ", t) = (Ut ™", ts)

= {(rs, ts) = ((ps ® ps)f)(r, t).

Hence U*(1 ® ps)U = ps ® ps. In particular the bidual action transforms
to the action implemented by pg oON (R}. Finally in lemma 4. 9 we used
the unitary W again to go from ®, to M® (B(LZ(G)) and @ we will
transform to the action implemented by W*(1 ® ps)W which is as 8 ps
as for € Cc(G’ 3) we have:

(W*(1 ®ps)W H(t) = af(W §(ts) =afaa (ts) = asﬁ(tS) = ((as®ps) £)(t) .

Now if a is implemented by as, then 6 was implemented by as 8 ps
and this completes the proof.

So we obtain that if 3 is the isomorphism of (M ®a G) ®&G
onto M ® (B(LZ(G)) obtained in this section, then

y(&s(ii)) = 6,(+(X) forall teG

and X e (M ®, G) ®, G. And if we call the covariant systems (M, G, @)
and (N, G, B) equivalent if there is an isomorphism 7 of M onto N
such that ‘r(at(x)) = Bt(‘r(x)) for any x € M then we get from the system
(M, G, a) toa system equivalent to (M ® (B(LZ(G)), G, a ®ad p).
Unfortunately even if M is isomorphic to M ® (B(LZ(G)) in general one
cannot hope that there is an isomorphism transforming @ to a ® ad p.
Indeed if @ is trivial, @ ® ad p is certainly not. However one can show
that there is another, weaker equivalence among triples so that the duality
becomes complete [16]. We will say some more about this in the second

part of our lecture notes.
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To finish this section, let us prove a very much related result.
So we found that the bidual action & was transformed to the action 6
on M® (B(LZ(G)). Now in section 3 we found that M ®a G were
precisely the fixed points in M ® (B(LZ(G)) under 6. It is fairly straight-
forward to check that M ®a G is the image under the isomorphism y
of the subalgebra na(M ®a G) of M ®a G) ®& G. So it follows that
ﬂ&(M ®a G) are the fixed points in (M ®a G) 8’&@ for the bidual action

&, 1Infact this is a general result:

4,12 Proposition. {XeM ®, G|&p(§) =% forall p €Gl=
{n(x)|x €M},

Proof. We obtained already that &p(n(x)) = 7(x). Now if

X eM ®a G and &p(§) =§, then if we assume « spatial
g 1
X €M®(B(L2(G)) n {as ®ps} n {1 ®vp}'.
Rp =WH(1® = W*
Now a, ®p W*(1 ps)W and 1®vp w (1®vp)W so that
fa,®p, 1 ®vp|s €G, p €G}" = W*(1 ® B(L_(Q)W.

Therefore x € M ® ®(L_(G)) n WX(®(3) ® 1)W. So X=Wrxx® )W

for some x € ®(¥). Now if y e M' then W*(x ® 1)W and y® 1 will
commute, So for any ¢ € Cc(G’ JC) we have (a;xasy —ya;xas)é(s) =0.
If £(e) # 0 this implies xy - yx =0, so x € M and therefore

X =W*(x ® 1)W = 7n(x). This completes the proof.

Remark that here we only used that M ®a G was contained in
the set of fixed points in M ® (B(LZ(G)) for 6, Infact in the commutative
case the commutation theorem of section 3 can be obtained from propo-

sition 4, 12 and the duality theorem.
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Part Il - The structure of type lli
von Neumann algebras

1. INTRODUCTION

Let M be a von Neumann algebra and let ¢ be a faithful normal positive
linear functional on M (so that in particular M has to be o-finite). Then
by the Tomita-Takesaki theory there exists a strongly continuous one-
parameter group of *-automorphisms {crt} of M characterized by the
K. M. S. -condition. This says that for any pair x, y € M there is a
complex-valued function F, defined, bounded and continuous on the strip

Im z € [0, 1], analytic inside this strip, and with boundary values
F(t) = ¢(crt(x)y) and F(t + i) = ¢(ycrt(x)). [13, 15]

Of course the triple (M, R, 0) is now a covariant system in the sense
that o :t— oA is a homomorphism of the additive group R into the
group of *-automorphisms of M, and for each x € M, the map t—* crt(x)
is continuous with respect to the strong topology on M. To such a triple
is associated a new von Neumann algebra, called the crossed product of
M by ¢ and is denoted by M ®cr R.

Because of Connes' cocycle Radon Nikodym theorem [2] it turns
out that M ®0 R is, up to isomorphism, independent of the faithful
normal positive linear functional ¢ we started with. So to any o-finite
von Neumann algebra M is associated in a canonical way a new von
Neumann algebra, let us still denote it by M ®cr R. Then obvious
questions arise about the relationship between the properties of M and
those of M ®o R. As it turns out the dual action &, as described in
part I of these notes, is important in these matters, and in fact it can be
shown that also the dual action is essentially independent of the faithful
normal functional ¢ we started with. All these results are covered in

section 2.
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In section 3 we give a proof of the existence of a semi-finite
faithful normal trace 7 on M ®0 R with the additional property that it
is relatively invariant for the dual action ¢ in the sense that
T(&t(i)) = e't‘r(i) forall t €eR and X €M ®_ R. Because the von
Neumann algebra M here is supposed to be o-finite, it is rather easy
to avoid the theory of dual weights and left-Hilbert algebras and to give
an explicit construction of such a trace. Our method however is entirely
inspired by Takesaki's proof.

Finally in section 4 the cases M semi-finite and M type Il are
treated separately. This can be done because the crossed product
M ®0R behaves nicely with respect to central decomposition in M.
Because Tomita-Takesaki theory is essentially trivial for semi-finite
von Neumann algebras, also M 80 R will be easily relatedto M, In
fact one shows that M®0R is isomorphic to M®L_(R) in that case, If M
is type II then it turns out that M®OR is type IL_. Also here our proof is
different from the original one. This result together with the duality the-
orem for crossed products then gives a structure theorem for type II von
Neumann algebras.

For results on Tomita-Takesaki theory we refer to [13, 15, 17].
We will freely use notations and results of part I of these notes. Finally
numbers of lemmas and theorems will refer to results within part II

except if otherwise stated.

2, CROSSED PRODUCTS WITH MODULAR ACTIONS

Let M be a von Neumann algebra on a Hilbert space 3. We will
make the assumption that M is o-finite throughout this part of these notes
(except when otherwise stated). This will enable us to avoid the theory of
weights and left Hilbert algebras. Howevér it should be said here that
the same (or similar) results are valid in the general case [see 16].

Because M is now o-finite, there exist faithful normal positive
linear functionals on M, Let ¢ be such a functional, then by the Tomita-
Takesaki theory there is associated to it a strongly continuous one-

parameter group of *-automorphisms {ot} in a canonical way. Then

teR
of course o is a continuous action of R on M and in this part of these
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notes we will be concerned with the crossed product M ®0 R. Therefore

let us first recall the following fundamental property [13, 15]

2.1 Theorem. Let ¢ be a faithful normal positive linear
functional on M. Then there is a unique strongly continuous one-
parameter group of *-automorphisms {crt }t R of M that satisfies the
K. M. S. -condition with respect to ¢, that is such that for each pair
X, y € M there is a complex valued function F, defined, bounded and
continuous on the strip Im z € [0, 1], analytic in the interior of this

strip, and such that
F(t) = ¢(0,(x)y) and F(t + 1) = ¢(yo,(x))

for all t eR.

{crt } teg 1S called the modular automorphism group associated

to ¢. We will also call ¢ the modular action associated with ¢.

¢

Occasionally we will write ¢' instead of o if there is any possible
confusion.

It is well known by Tomita-Takesaki theory that ¢ is invariant
for each crt. In fact this can be derived in the usual way by applying the
above K. M. S. -condition to the pair (x, 1). Then F(t)=F(t+i)= ¢(crt(x))
and repeating F periodically we get an entire bounded function. There-

fore it is constant and in particular

9(0,(x)) = 9(x).

We will consider the crossed product M ®0R of M with the modular
action 0. Because of Connes' cocycle Radon Nikodym theorem, it turns
out that M ® . R is up to isomorphism independent of the faithful normal
positive linear functional ¢ we started with. For completeness let us

include here also the proof of Connes' theorem [2].

2.2 Theorem. Let ¢ and y be faithful normal positive linear

¢

functionals on a von Neumann algebra M, and let ¢ and crll/ denote the

associated modular actions. Then there is a strongly continuous map

u:t— ut from R into the unitaries of M such that
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@) o;” (x) = w0/ (X)u
(ii) Yo = WOy (uS) t, seR and x e M.

¢

In a situation like this, the actions ¢

'

and ¢° are called weakly

equivalent [16].

Proof., Let = J © X and denote vectors in J~C by columns
(g) with &, n € . Then bounded operators on J?Z are of the form

@ D) with 2, b, ¢, d e®@). Let M=1{® Dla, b, ¢, d e M}, then
M is a von Neumann algebra on JC in fact it is isomorphicto M ® M2
where M is the von Neumann algebra of all complex 2 X 2 matrices.

Define ahnear functional 6 on M by
a b, _
6C o = 9@) + y(a).

It is not difficult to check that 6 is again a faithful normal positive linear
functional on M. To obtain the positivity and faithfulness one can use the
fact that every positive element in M is of the form

a b.*

(c d) (zct g) - (a* c*)(a b) (a*a + c*¢ a*b + c*d

pr a9 d = (bra + drc b*b + d*d
with a, b, ¢, d e M,

We will next consider the modular automorphism group 06 associa-
tedto 6 on 1\7I, and see how it acts on the different matrix entries. We
will use the following property: if e € M is such that 6(ex) = 6(xe) for
all x € 1\7[ then of(e) =e forall t eR. To prove this one can apply
the K. M. S. -condition for 6 and o® to the pair (x, e) to get a complex
function F as 1n theorem 2,1 such that F(t) = 6(06 (x)e) and
F(t + i) = o6(e N (x)) Now because of the property of e, again we get
F(t) = Fit + i) and as before that F is constant. But then
e(xo (e)) = 9(0 (x)e) = 6(xe) for all x €M and t e R and it follows
from the faithfulness of 6 that 0 (e) = e for all t eR.

Let us now show that the element e . = (0 0) satisfies the above

11
property. Indeed, for any a, b, ¢, d € M we have

oy G D=6 D)=

37



and
a b, 0 a0
0(C P o) =0C ) = ().

So it follows that crf(eu) =e__ forall t eR. Similarly we have

11

9 _ 00
Ut(ezz)_e for all t € R when e22—(0 1).

22

Now trivially for any x € M we have that
x 0 _.10x20,10

and if we apply crf to this relation we get
6,x 0,_,10 6,x 0,10

Soforany x € M and t € R there is an element @ (x) in M such that

t

6,x 0 @x) 0

o (5 )=
0 0

It follows immediately that {at }t R is again a strongly continuous one-
parameter group of *-automorphisms of M, and in fact, if we apply the
K. M. 8. -condition for 6 and 00 on pairs of the form ((’5 g), (y0 g))
with x, y € M we obtain that also «& satisfies the K, M. S. -condition
¢

with respect to ¢. Then by uniqueness it follows that ¢" = @. Therefore
we have obtained that

¢
o'(x) 0
& M=\ for all x €M,
t'o 0
0 0
Similarly one obtains
0 0
a2(Q %)= v for all x € M.
0 o; (x)
Next we apply o, to the following trivial relation

t
G D=0 D¢ P 9
to get
o M= DU W Y.
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It follows that for each t there is an element ut € M such that

(@ o= (3t )

and taking adjoints

0 uk
6 1 t
(g )= .

From the relation

o u=¢"d

it follows that utu: =1 and similarly u;‘ut = 1. Hence w is unitary.

The strong continuity of t— u, follows from that of Uf at the point

(2 g). Finally let us prove that {ut } teR satisfies the relations of the
theorem. First apply 09 to the trivial relation

t
00,_,0 0,,x 0,01
© ¥ =G ol o o
to get that
0 0 0 0\ fofw) 0\ [0 ur
w =
0 o (x) u, 0 o o/\oo
s0 that o‘t”(x) =ut0t¢(x)u: forall t R,
Next
9
o (@ %= of@ Y=o [0 O 0 09 %t(ug) O
t+s*'1 0 t'u O ti1 0 u 0
0 t 0 0
; N
and it follows that Yoo T 407 (us).
This completes the proof,
Remark that the relation LA =uto?(us) is not really that strange.

Suppose for example that there are strongly continuous one-parameter
groups {at }teR and {bt }teR of unitaries implementing actions @ and
B of R on M, and suppose that u = bta;f €M forall t €eR. Then of

course

= * = Kk = *
Bt(x) thbt wa, xafu! utat(x)ut
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but also

b =Db,Db a*a¥*

a*
t+s t+s t's'st
— *. *aq *k
= btat atbsasat

ut+s =

=u,a,u a*
titst

= utat(us).

Let us now consider the crossed product M ®0R where o is now the
modular action associated to the faithful normal positive linear functional
¢. Recall that M ®cr R is a von Neumann algebra in Lz(R’ 30),
generated by operators 7(x) and A(t) defined by

(a(x) §)(s) = o__(x)&(s)
At &)(s) = E(s - t)

where x e M, t eR and £ ¢ Cc(R’ &), the space of continuous functions
on R with values in # and compact support.

Using Connes' result, Takesaki now showed that the crossed product
M ®cr R is independent of ¢ up to isomorphism. The proof is not very
hard:

2.3 Theorem., Let ¢ and ¢ be two faithful normal positive
¢ v
o

linear functionals on M, and ¢
morphism groups. Then M & ¢R and M® V/R are isomorphic.
o

(o]

and the associated modular auto-

Proof, Remark first that M ® ¢ R and M ® v R Dboth act on the
o o

same Hilbert space. Therefore it will be sufficient to construct a unitary

U on Lz(R’ JC) such that UM ® ¢ RU*=M® v R. Of course we use
o o

the unitaries {ut} in M obtained in the previous theorem.
Define U on Lz(R’ X) by (U&)(s) =u_S£(s) for any EeCc(R, ).
By methods similar to those used for defining n(x), it is easy to show
that U¢ is again in Cc(R’ ) for EGCC(R, J) and that U extends
to an isometry on Lz(R’ X). Moreover (U*é&)(s) = ufsg(s) for

te Cc(R’ J) and U will be unitary as the u  are unitaries. (Remark

40



that in general u_g will not equal u; as {us ! need not be a one-
parameter group of unitaries. )

Now denote by 2 ¢ and 7 v the associated representations of M
on Lz(R, &). Then, with ¢ GCC(R, X) and s €R,

(Uﬂ¢(X)U*§)(S) =u_ (7T¢(X)U* £)(s)
=u_ 0 SB(U*E)(s)
=u 0 (x)u* &(s)
= ¥ @)

= (ﬂw(X) £)(s)
and
(UXt)U*&)(s) = U_S(X(t)U* £)(s)
=u_(U*)(s - t)
=u su: sg(s -t)
=u_(u_g 0_ (u))*&(s - t)
=u_ 0 SuHu* &s - t)
= O_S(ug‘)é(s - 1)
= ¥ @)W E)s)
= (ﬂw(u{)l(t) &)(s).
So U‘n¢(x)U* = nw(x) forall x e M and Uxt)U*x =1
already that UM ® 0 RIU*C M ® v

o o
and At) = U*n (u*)U U*A(t)U so that U*A(t)U = 1z¢(u JA(t) and it also

follows that U*(M ® RUCM® ¢
o

w(u*))\(t) It follows
R. Now we also get U*rn (x)U=11 (x)

R. Therefore we have equality and

oV

the proof is complete,
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So to any o-finite von Neumann algebra we have associated a new
von Neumann algebra in a canonical way. Then the obvious questions
arise about the relation of the properties of both von Neumann algebras.
Very much related to those questions will be the dual action. Indeed
because R is a commutative group we can define a dual action & on
M ®0 R of the dual group of R whigh we of course identify with R
itself as usual by putting (s, t) = >, Recall that the dual action was
defined by means of a unitary representation v of the dual group G
on LZ(G). This was defined by (vpf)(s) = (s, p)(s) for fe CC(G). So
here we have (vtf)(s) = e'ltsf(s) forany f € CC(R). Now we also had
identified X ® Lz(R) and Lz(R’ JC) in such a way that for any £ e &
and f ¢ Cc(R) the vector ¢ ®f was considered as a function in
CC(R, X) with values (& ® f)(s) = f(s)¢ for s € R. Then the dual action
on M ®0R was defined by

AN ~ * . ~
crt(x) =(1® vt)x(l ® vt) with x e M ®0 R.

We have seen that up to isomorphism, the crossed product M ®0R was
independent of ¢. In the following sense this is also true for the dual

action.

2.4 Proposition. Let ¢ and ¥ be two faithful normal positive

linear functionals on M, and as before let 0¢ and Uw be the associated
modular actions. Then if y is the isomorphism of M ® ¢R onto

o
M ® , R obtained in theorem 2. 3 we will have

o
¥ (%) = 1o

for X e M® _ R, where 5? and ¥ are the actions dualto o and o¥

o

respectively.

Proof. Let {ut} be the unitaries of theorem 2. 2 and let U be
defined as in theorem 2.3 by (U§)(s) = u_sé(s). Then clearly
il ® vt) =(1® vt)U. Then
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¥ (A%) = 1 ® v)UKU*(1 ® vp)

=UQ® vt)fi(l ® v’t“)U*

=U 6?(§)U*

= (o) &).
So to a o-finite von Neumann algebra M there is a now associated in a
canonical way a new von Neumann algebra, together with a strongly
continuous one-parameter group of *-automorphisms. It makes sense
to denote this new von Neumann algebra simply as M ®0R and the one-
parameter group as 3. The couple (M ®0 R, 0) is defined up to iso-
morphism (in the above sense) by M. In the next two sections we will
see what properties can be obtained about M ®c R and the action &
from properties of M. Let us finish this section here by remarking
that M can be recovered from the pair (M ®0 R, 6). Indeed by
proposition 4. 12 of part I we know that M is isomorphic to the fixed

points in M@UR under §. So
M= {X eM@URlc'}t(i):fE, VteR]}.

If M is properly infinite there is another way of recovering M from

M ®0 R and 0. Indeed, as we have seen (M ®UR) ®aR% M@(B(Lz(R)) =M
so that M is the crossed product of M ®UR by the action & of R, We
also mention here that the actions ¢ on M and o®adp on

M® (B(Lz(R)) are weakly equivalent in the sense of [16, theorem 2, 2].
This makes the duality in section 4 of part I in some sense more com-

plete.

3. THE SEMI-FINITENESS OF M ®0R

In this section we give a proof of the fact that M ®U R is semi-finite. In
fact there always exists a faithful normal semi-finite trace 7 on
M ®c R such that ’r(&t(?{)) = e't’r(i) forall X eM ®0 R. Such a trace

is called relatively invariant for 6. We give an explicit construction of

such a trace, and we should mention here that we were very much
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ingpired by Takesaki's approach [16].

So assume that ¢ is a faithful normal positive linear functional
and that ¢ is the associated modular action, We may assume the
existence of a separating and cyclic vector w € ¥ such that
¢(x) = (xw, w) for all x €M, and of a strongly continuous one-

parameter group {at} of unitaries such that ct(x) = atxa* and

2w =w for all t €R. te";-‘this follows easily from the G. N. S. -cton-
struction associated with ¢ because ¢ is invariant for o. Of course
one could also consider Ait for at where A is the modular operator
associated to w.

Before we start let us first agree on a number of notations.

3.1 Notations. Denote by F the Fourier transform in LZ(R); S0

_ 1 -its
(FH(®) = NeTi fe ""f(s)ds forall f e Cc(R)

where now ds is the Lebesgue measure on R, Then § is a unitary in
Lz(R) and we have S’*ASS’ =V_g
calculation, Let f € L _(R) and let as before denote by m, the multi-

for all s ¢ R by a straightforward

plication operator in Lz(R) by the function f. Also denote Af= S’*mfﬂ’
and \(f)=1® Af. Because m, belongs to the von Neumann algebra

generated by the operators {vs, s €R}, also A, will belong to the one

f
generated by {As, s € R} and therefore A(f) e M ®0R [appendix B].

Finally let K be any compact subset of R, define
— 5 - %) — (¥
f(8) = X (s)exps and & = ® F*f,. We put T ® = (xEK, £K>

forany X e M ®0 R. We will show that K increases with K, and

increases to the desired trace. We need a number of lemmas.
3,2 Lemma. For any pair f, g € Lz(R) and x €M we have
(nx)w®f, w ®g) = ¢p(xXf, g).

Proof. (n(x)w0 ®f, w ®g) = [{(#E)w ® f)(s), (v ® g)(s))ds
= [{o_ ()f(s)w, g(s)w)ds
= [ ¢(o__(x))i(s)g(s)ds
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= ¢(x) [ f(s)g(s)ds
= (P(X)(f, g>'

3.3 Lemma. I fe CC(R) and has support in the compact set K,
then

T @ERAS)AD) = V27 £(i + 5)9(x)
where

f(z) = [ e Pyat

1
Jom

for all complex z.

Proof, TK(ﬂ(x)A(s)A(f)) = (m@)A(s)A(f)w ® EF*fK,

- *
=(1x)w ® xsxfiF f., w® EF*fK>

w® EF*fK>

= ¢ FH L, FHL)
= ¢(X)(vsmffK, £

= 4(x) [ e St xe(We'at
=ox) [e -its t

e f(t)at
= ¢(x) v 27 f(i + g)
where we have used lemma 3, 2 and the fact that f has support in K.

3.4 Lemma. Let f and g be continuous functions with support

in a compact set K and such that the Fourier transforms are again L1‘
Then

T(@EAMOAFINE)) = T ((TIMR)T(R)A(E)).

Proof, Because the Fourier transform f of f is again L we

have that f(t) = J’z‘ ) eltsf(s)ds So, using methods as in part 1,
section 3, we also have m, J_l_ If(s)v ds in the o-weak topology, and
applying F*+ & that

)\=1

¢ == jf(s))\_sds .
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So (@GO TEINE) = = | 6) T (NN -9)n(y)A(g))as

S

== [ 1(8) T (n(x0_ (y))A(-s)A(g))ds

ot

4

= [1(s)g(i - 9)9(xo__(y))ds

by lemma 3. 3.

Now by the K. M. S. property there is a complex valued function F,
defined, bounded and continuous on the strip Im z ¢ [0, 1], analytic
inside this strip, and with boundary values F(s) = q)(os(x)y) = ¢(x0 s(y))
:ind F(s +1i) = q)(yos(x)). Now because f and g have compact support,

f and é will be analytic everywhere and we apply Cauchy's formula to
the function f(z)g(i - z)F(z). We integrate along the curve

_ . i
N+i < N+i z=t+i

Let us show that the integrals over the vertical lines tend to zero when
N = o, First remark that for any a €[0, 1] we have

oy . 1 -iNt at
+ = e—
f(N + ia) T je e f(t)dt
so that lim f(N + ia) = 0 because the Fourier transform of any Ll-
N=>o

function, and therefore of any Cc(R) function tends to zero at infinity.
Also

1
vyam

Similarly g(i - N - ia) = g(-N + i(1 - a)) is uniformly bounded and tends

1fN + 1a)| = (f |1(t)|at)sup (max(1, eYh).
teK

to zero for N = «, Then by the dominated convergence theorem we have

lim j; fN + ia)g(-N + i(1 - a))F(N + ia)da = 0,

N=»oo
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Similarly for the other vertical line and it follows that
S o fe)8-9)F(s)ds = [ S f(s+)E(-s)F(s+i)ds = | g(s)ili-s)F (i-s)ds.
Now F(s) = (p(xo_s(y)) and F(i - s) = (p(yo_s(x)) so that

T MENOTGINE) = [ {8801 - s)p(x0__(y))ds
= [ &(©)(i - s)p(yo__(x))ds

and therefore by symmetry we get

Tg(TEADT(YIAE)) = T (T(y) AT (R)A (D).

3.4 Lemma. If K is a compact setin R and Py = A(xK) then

’TK is a trace on pK(M ®0 R)pK.

Proof. Let K be a compact set whose interior contains K,
choose a C -functlon f with support in K and such that f (s) =1
for s € K. Then for any s, t eR we will Stlll have that f— \A f and
g= vtf are C -functlons with support in K and we can apply the
previous lemma to f and g. Because )«f = SF*meF and me = v m,

we get A(f) = A(s))«(fo) and so 0
TKI(ﬂ(X)R(S)R(fD)W(Y)R(t)k(fo)) = ’TK1 (17(y))«(t))«(fo)n(x))«(s)A(fD).

By linearity and continuity and the fact that operators of the form
7(X)A(s) span a dense subalgebra of M ®0R we get

e RAETAL) = 7 A RAGE,)

forall X, §eM ®,R. Then replace X and § by pKng and
Pg ¥ Pgs 38 PpA(f ) = AXgf ) = Axg) = Py Wwe obtain

(prpKypK (p kI P XPy)-

Finally
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p =w®x F* =w®F*m_ f
K'gK1 XK gK1 XK K1
= * = s/2
w®F fK as fK(s) xK(s)e

%k
and X, restricted to p, (M ® R)p, equals 7. This completes the
proof.,

We finally come to the main theorem

+
3.5 Theorem. Define 7= sup T} on (M ®0R) , then 7 isa

faithful normal semi-finite trace on M ®0 R such that
7(6,(8) = e™'7(® forall teR and X ¢ M® R)".

Proof. Suppose that K and K1 are compact in R and that
K C K1‘ Then

e (MO0XS) = ¢(x) fi e Celat
1 1

as in lemma 3, 3 and therefore it is easy to see that
g (TXA(S)) = T (@EIN)) + (MRS b - &), (§p - £))
1 1 1

sothat 7, = 7. It follows that 7= sup 7., defines a map from
K1 K K K
(M®_R)" to [0, ] suchthat 7(X+§) = 7(¥) + 7(§) and

T(aX) = at1(X) forall %, §eM ®OR and a > 0.
Let us prove that 7 is a trace. Take X e M ®c R and K, K,
compact with K C Kl, then

~* ~ —_ ~ ~
TK (X pr) - TK (pK X*prpK )
1 1 1 1
— s Tk
= TKI (prpK1x pK) (lemma 3, 4)
= fard Tk
TK(pr1 X*).
If K1 tends to R then

‘r(i*pKiE)= ‘rK(ii*) as Py A1,
1
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Now 7 is normal as the supremum of normal functionals, so again by

letting K tend to R we get
T(X* X) = 7(X ¥%).

Furthermore 7 is semi-finite as it is finite on a dense subalgebra,

namely U pK(M ®o R)pK.
K

To show that 7 is faithful, it is sufficient to show that
{ﬁK }K compact is cyclic for (M ®_R)'. Forany x' € M' we know that
x"®1leM ®o R)' and (x'® 1)5K =x'w® SF*fK and those vectors span
a dense subspace of I ® L2(R) as w is cyclic for M' andas K runs
over all compact subsets of R.

To complete the proof we show that 7 is relatively invariant. So
let K be compactand t €R, then V:SF*fK = SF*S’V:S’*fK and a straight-

forward calculation shows that 3:V2‘3: * = )‘t' Now

(Afg)(8) = £ (s - t) = X (s - thexp(s - 1) /2

_ s t
= Xg4¢(8)exps - exp(-3)

_~t2
=e . fK+t(s).

Therefore, for any X € (M 8, R)+, we have

T (0,3) = 7

=Fw® ViFH, 0 ® vgsf*fK>

t/2 -t/2 *
W T, e 0B FHL L)

1 vt)§(1 ® vz‘))

=(Xe

-t

=e TK+t(X) .

Then taking supremum over K we get
P -t_,~
'r(ot(x)) =e T(X).

This completes the proof.

We want to finish this section be some remarks. First, if we look
at the formula of lemma 3. 3, we see that ¢ can easily be reconstructed

from 7, Indeed for any function f € Cc(R) we will have that
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T(A(f)) < < and that

1 1
V2m f4)

provided of course {(i) # 0. Remark also that the formula in that lemma

$(x) = T(a(x)A(f))

is very much related to lemma 5,19 of [16].

Finally, if the von Neumann algebra is not o-finite the preceding
construction can be modified to work in the case where ¢ is a strictly
semi-finite weight, although itwould be more complicated if ¢ is just

any faithful normal semi-finite weight.

4, THE STRUCTURE OF TYPE III VON NEUMANN ALGEBRAS

In this section we want to say something about the type of the crossed
product M ®0 R given the type of M. Therefore let us first see how

central decomposition in M is reflected in the crossed product.

4,1 Proposition. If p is a central projection in M, then p® 1

is a central projection in M ®0 R. Moreover Mp is left invariant by

the action ¢ and if o denotes the restriction of ¢ to Mp then

(M ®c R)p®1)=Mp ®(—IR.

Proof, If p is in the centre of M it is well known that ot(p) =p
for any modular action. In fact if ¢ is the modular action associated to
the faithful normal positive linear functional ¢, then of course
¢(px) = ¢(xp) for all x € M and as in the proof of theorem 2. 3 it would
follow that ot(p) = p. Then from a trivial calculation it follows that
7(p) =p ® 1. Now because p € M' it follows thatalso p® 1e(M ®0R)'
so that p® 1 is in the centre of M ®0 R.

Because ot(p) =p for all t it also follows that o leaves the von
Neumann algebra Mp invariant.

Finally (M ®0 R)(p ® 1) is the von Neumann algebra on
pR® Lz(R) generated by #(x)(p ® 1) = #(xp) and As)(p®1)=p® )\S.
#(Xp) restricted to the space Lz(R’ pX) is clearly ﬂ—o-(xp) where s

is the representation associatedto ¢ and p ® )\S restricted to
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Lz(R’ pX) is 1 ®)«S.
Then the result follows.

We will now consider the cases M semi-finite and M type III
separately. This makes sense because of the previous proposition.

If M is semi-finite it is well known that the modular automorphisms
are inner [15]. In fact this could be deduced from Connes' cocycle
Radon-Nikodym theorem for weights and the fact that the modular action
associated to the trace is the trivial one. In an appendix we present a
fairly easy proof of this fact for o-finite von Neumann algebras
(appendix D).

We get the following result for semi-finite von Neumann algebras:

4.2 Proposition. If M is semi-finite there exists an isomorphism
of M ®0 R onto M ® Lm(R) that transforms the dual actionto 1 ® X
where X acts on L _(R) by ()«tf)(s) = f(s - t) as before,

Proof, So assume that t = a,

tionof R on X with a, € M and ot(x) = atxai* forall t eR and
x € M, Then as we have seen in part 1, there is an isomorphism of
M ® R onto the algebra generated by {x®1, a, ® At} and the dual
action is transformed to the action implemented by 1 & Vg Now

because a, €M we have a, ® ) ¢ x®1, 1® )«t}", and also
182, = (a{" ® 1)(3,t ® At) € {x®1, a, ® At}". Therefore
M® R) = {x®1, 18X

}". Then by applying the Fourier transform
we get an isomorphism of (M ®0 R) onto M® L_(R) because

is a continuous unitary representa-

{Vt }" =L _(R) and under this isomorphism the dual action is transformed
to the action implemented by 1 ® ht‘

So we see that the whole theory is not interesting for semi-finite
von Neumann algebras as was to be expected because Tomita-Takesaki
theory is more or less trivial in this case. The type III case is much
more interesting, as we will show it turns out that in that case M ®0 R
is of type II

Let us first show that if M ®0R is type I, then M is semi-finite.
Then the result on type III will follow easily because the crossed product
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behaves nicely w.r.t, central decomposition. We have divided the

argument in a number of steps.

4,3 Lemma, Let 7 be the relatively invariant trace on M ®0R

constructed in section 3, Then there is a projection p with the properties

that 7(p) < < and c‘rt(p) is increasing when t decreases and

lim Gt(p) =0 lim &,(p) = 1.

t=>+ t=-o0

Proof, With the notations of the previous section, let
p= )\(x( © 0]). For any compact set K in R we have
e

TK(p) =<p w® gK’ w® £K>

=(w, w)(ﬂ’*mx(_ . O]EFEF*fK, fF*fK>
={w, w){m £, f..)
x(_ «, 0] K’ 'K

=(w, w) I?w xK(t)etdt.

So T(p) = (w, w) [° eldt < .

Furthermore Gt(p) =1® vtAX v,’c"
(-, 0]
=1® vtEF*mX EFV,’C"
(-, 0]
=18 EF*)\_th( . )\tEF
] ]
=18 F*m F
X(' <, 't]
= A(X(_ o, _t]).

Then the result follows easily.

Now let q = c(p), the central support of p in M ®o R. Clearly
Gt(q) = c((?t(p)) and because E‘rt(p) increases when t decreases, the same
will be true for ,(q). Because §,(q) = 0,(p) we will still have that

lim 6.(q) =1

t=>- 0 t

but in general we can not say anything about 1lim Gt(q) when t=>+x, We
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can only say that the limit exists. Here we will use the following lemma,

4,4 Lemma. If e is an abelian projection in a von Neumann

algebra then e c(f)< f for any projection f where c(f) is the central

support of f and < stands for the ordering in the projections relative

to the von Neumann algebra.

Proof. e =e c(f) is again an abelian projection, majorised by
c(f). Then it follows that c(e1) =< c(f) and since e is abelian by [6,
p. 239] it follows that e, 3L

4,5 Lemma. Suppose now that M ®oR is type I. If q = c(p),

the central support of the projection p of lemma 4. 3, then Gt(q) is

increasing when t decreases and

lim ¢ (q) =0 lim c‘rt(q) =1.

t=+ oo t=r- oo

Proof. As 8(q) = c(8, (p)) we remarked already that also & (q)
will increase when t decreases. And as Ot(q) = Ot(p) we also have that
lim & (q) =1 when t— -« Nowlet q =1lim§(q) for t—+= For
any abellan projection we have that e, (q) =e c(cr P) < & (p) by the
previous lemma so that 7(e 8,(q)) = 'r(cr ) =e" 'r(p) As T(p) < =
we will have by the normality of the trace that 7(e crt(q)) =+ 7(e qo) when
t = + and that T7(e qo) = 0. Then because 7 is faithful we get
eq,= 0 for all abelian projections e. Because a, is in the centre and
M ®0 R is type I this implies that q,= 0.

4.6 Proposition. If M ®0R is type I then M is semi-finite,

Proof. With the notations of before let q, =4a- 61 (9). Then qa,
is a central projection with the property that c’it(ql)q1 =0 if lt| =1,
Indeed

q=175(a) =5 () and 5(q,) =5(a) - &, ,(a)

soif t=1, 5(q ) =06(q) =75 (q) and 8(a)q, =0. If t=-1 then
GH_l(q) =q = q, so that c‘it(ql)q1 = 0. We also have that
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Uk(q1) = crk(q) - 8, +1(q) are mutually orthogonal when k € Z and that

+ o0
+
Y 6 (q )=1 by lemma 4,5 Now define 7, on M by
k=- co
'ro(x) = T(n(x)ql). Because 7 is a trace and q, is in the centre, also

s will be a trace. It is also normal as 7 is normal. To prove that
7 is faithful assume x ¢ M+ and 7 (x) = 0, then 'r(n(x)q )=10 and

n(x)q =0 as 7 is faithful, Also (n(x)q ) = 71(x)§, (q )— 0 for all
-+ 00

k € Z and because } (q ) =1 it follows that #(x) =0. Then x=0
k__oo

as 7 is faithful, (Remark that it is in fact only to prove the faithfulness

of 7 that we need that M ®ch is type 1.)

Let us now show that s is semi-finite, Therefore let f be any
non-zero projection in M, If 7r(f)q1 = 0 we would have as before that
7(f) = 0. So by the semi-finiteness of 7 there is non-zero projection
eeM ®ch such that 7(e) < = and e = n(f)ql. Define

n+1
h = I-n

N C‘ft(e)dt=f Al Z 6, (e)adt.

k—n

Because e = q,, we also have E‘rk(e) = "k(q ) and therefore also
{Gk(e) }ke are mutually orthogonal. So Z (e) increases to a

projection. Because of the normality of the map I G dt it follows that
also hn will increase to an element h € M ®cr R w1th 0=h=1.
Obviously Gt(h) =h forall t eR. Now e = 7(f) so that

Gt(e) = E‘rt(ﬁ(f)) = 7(f). This means that #(f)§ (e)n(f) = t(e) and so also
#(f) h #(f) = h, and it follows that h = =(f). Now 7(h ql)—

sup j?:l 'r(é‘rt(e)ql)dt. But e = q, so that cr(e) = t(ql) and as
E‘rt(ql)q1 =0 forall [t|=1 also crt(e)q1 =0 forall |t| =1 and

therefore

Thq,) = J1, 7(6,(e)a,)dt

1

=1, ete 6 a at
= ,le e tr(e)dt <.

Because h e M ® R and & (h) = h, there is an element x € M such
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that 7(x) =h. Then h=7#(f)= x=f and 'ro(x) = 7(h ql) < e, This

implies that To is semi-finite on M., Then the proof is complete.

4,7 Theorem. If M is of type III, then M ®UR is of type I .

Proof. Let p be the largest central projection in M ®0 R such
that (M ®cr R)p is type I. Such a projection is invariant for any
*-automorphism and in particular 6t(§) =P. Then P is of the form
#(p) with p € M and because 7(p) is central in M ®cr R, we must have
that p is in the centre of M. Therefore we can apply proposition 4. 1
and we obtain that

(Mp ®3R) = (M ® R)(p ® 1),

Of course O is the modular action on Mp associated with the restriction
of the original functional ¢ to Mp. Now p® 1= n(p) and
(M ®cr R)(p ® 1) is type I and by the previous result Mp is semi-finite,
Because M is type IIl we must have p=0. So M ®0 R is type Il

Now let 51 be the largest central projection such that
M® R)ﬁ1 is type II,. Again 51 =p, ® 1 for some central p, €M
and Mp1 ®&R would be finite, Then Mp1 would be finite as a sub-
algebra which implies p, = 0 as M is type IIl. This shows that
M ®UR is type II_.

If we combine this result with earlier results we obtain the funda-

mental structure theorem of Takesaki:

4,8 Theorem. If M is a type Il von Neumann algebra there is a

type II, von Neumann algebra M o With a continuous action 6 of R on

Mo’ admitting a relatively invariant trace such that M = M0 ®9 R.

Takesaki also shows that the pair (M o 0) is uniquely determined
by M up to weak equivalence. To prove this result we would have to
use the modular theory for weights. Remark however that M0 is uniquely
determined when considered as the crossed product of M with modular

actions,
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Appendices

Let X be a locally compact Hausdorff space, and ds denote any
positive measure on X in the sense of [1]. Also let ¥ be a (complex)
Hilbert space.

Al Notation. By LZ(X, JC) we denote the set of 3¢-valued
functions £ on X such that

(i) <{&(*), n) is measurable for all 5 € 3 where (-, -) denotes
the scalar product in .

(ii) there is a separable subspace CfCO of ¥ such that £(s) € SCO
forall s € X,

(ii)) [(&(s), &(s))ds <

Remark that it follows from conditions (i) and (ii) that {(£(-), £(+))
is measurable so that condition (iii) makes sense. Indeed if {en}n_1 ©
]
is an orthogonal basis in Cfco then

(&), &) = T &), e )|?

n=1
and for each n we have that (£(-), e ) is measurable.

It is easily verified from the definition that LZ(X, JC) is a vector-
space over C. Infact it can be made into a Hilbert space such that
CC(X, ), the set of continuous JC-valued functions with compact support
in X, is dense in LZ(X, ). We will prove here those two results.

(It will also justify to use the notation Lz(G’ ) in section 2 of part1,)

A2 Proposition. If £ 7 €L,(X, 3 then (&(+), n(+)) is
integrable and

(&, 1) = [(&(s), n(s))ds

is a scalar product making LZ(X, J¢) into a Hilbert space.
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We make here the usual identification of functions that are equal

almost everywhere.

Proof. The measurability of (£(+), n(-)) follows from (i) and
(ii) as above, the integrability follows from (iii) as
KEs), n(s))| = [ &) ]| | n(s)]|. It is clear that the above formula defines
a scalar product on Lz(X, 3C). The only thing to show is completeness,
and the proof of this is very similar to that of the completeness of
L, (X).

Let gn be a Cauchy sequence in Lz(X, JC). By passing to a sub-

sequence we may assume that ” gn - £n+1 H = Z_n. Define

k
g®)= 2 15,6 - £

k
Then g €L (X) and “ng =3 | E g - gn“ =1,
®© n=1
I gs)= 3 | 3§n +1(s) - gn(s) I, by the monotone convergence

theorem also g € Lz(X) and ”g” = 1. In particular there is a null set
E in X such that g(s) < « forall s ¢ E®, the complement of E. This
]

means that 2 («§n+1(s) - gn(s)) converges in norm in 3 forall s € ES
n=1

or equivalently that lim gn(s) exists for all s € EC.

Define £(s) = lim gn(s) if s €E® and (s)=0 if s €E, then ¢
will be the limit of gn in Lz(X, ). Indeed for all 7 € X we have that
(&(s), n) = 1im<3§n(s), 7)1 - xE(s)) where Xg is the characteristic
function of E. Hence (£(-), 1) is measurable. For each n there is
a separable subspace Can of ¥ such that gn(s) eCan for all s, If now
& 0 is the smallest subspace containing all the JCn then 3 0 is still
separable and £(s) € GCO for all s € X. Finally, using Fatou's lemma

fl&s)- £ )] %as = Mm tnf f £,(6) - £,(6)] s = Mm int £ - ¢, | i
so that given € > 0 there isa n such that if n > n we have

[ l56) - £ o) %as < &

This implies that £ - gn € Lz(X, ), hence ¢ € Lz(X, J) and also that
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e- g =0

Next we show that the set Cc(X’ &) of continuous JC-valued

functions with compact support in X is dense in LZ(X, 3).
A3 Proposition. CC(X, JC) is dense in LZ(X, 3J0).

Proof. Let us first show that CC(X, JC) is contained in LZ(X, 3o,
Therefore let £ € CC(X, X), then the range of { is contained in a com-
pact subset X of 3. Now such a compact set X must lie in a separ-
able subspace of ¥, To see this choose for every n a finite number of
vectors &gn), £gn), cees £l({n) in ¥ such that balls with radius %

n

centred at those points cover X. Then clearly ¥ is a subset of the
subspace ¢ generated by l&;n) li=1, k;n=1, «}, Hence we
have shown that the range of £ lies in a separable subspace. The other
two conditions follow immediately so that £ € LZ(X, J0).

To prove the density of CC(X, JC), assume ¢ € LZ(X, J) and that
(¢, ) =0 forall g €C (X, X). Nowlet £ € and f€C (X) and
let  be defined by n(s) = f(s)&o. So (& n) = J1(sKé(s), £0>ds =0,
This is true for all f € CC(X) and so {£(s), £0> = 0 a.e.. Choose an
orthonormal basis {e }n=1, w
the range of £ So for any n thereisa null set E such that
(&(s), e)—O forallseE Put E—UlE,then (&(s) e)—-O
for all s € E® andall n. Hence £8)=0 forall s € E® so that £E=0
as a vector in LZ(X, J0).

in the separable subspace containing

This proposition justifies the introduction of LZ(X, X) as the
completion of CC(X, ).

APPENDIX B

Let G be a locally compact group and let ds denote a left invariant
Haar measure on G. Denote by N the von Neumann algebra consisting
of all multiplications on Lz(G) by L _(G)-functions. Then N = N', see
for example [6].
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is multiplication by

Bl Lemma, N-= {mf|f eCc(G)}", where m
f o_an.

f

Proof. Let ¢ be a o-weakly continuous linear functional on N
such that ¢(mf) =0 forall f e Cc(G)' Any such ¢ is of the form
[>] [>]
. 2
9= 2 (1f,g) with f, g €L (G), and J It [° < « and

n=1 n=1
[2e)

[2e)

) || g, ||2 < o, Tt follows that h(s) = ) fn(s)gnis) defines an Ll-
n=1 n=1
function and we have for any f € Cc(G) that

¢$(m,) = 2 Jf(s)fn(s)g_n(sT)ds = [ f(s)h(s)ds = 0.

n=1
This implies that h = 0 as an element in L1' Then for any f € L _ the

above relation implies also that ¢(mf) = 0 and hence ¢ = 0.

It follows immediately that ®(L,(G)) = {mf)\slf €C,(G), s €Gl"
because if x commutes with all m,, fe Cc(G) it must be an element
in N and if this also commutes with all )\s with s € G it must be a
multiple of the identity. This result was used in section 3 of part I.

Now let G be commutative.
B2 Lemma. N= {vp]p eGlm

Proof. As in the previous lemma let ¢ be a o-weakly continuous
linear functional on N such that ¢(vp)= 0 forall pe G. With the
same notations as above we get ¢(vp) = [(s, p)h(s)ds = 0. Now the

Fourier transform is injective on L1 so that h =0, and again ¢ = 0,

This result was used in section 4 of part 1.

APPENDIX C

If M is a properly infinite von Neumann algebra, then there is a sequence

{en}n_1 . Of mutually orthogonal projections in M such that
—

0
2 e, = 1 and e, 1 in the sense of equivalence of projections ([6,

n=1
p. 298]). Then we have the following,
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If X is a separable Hilbert space and F_  denotes

Theorem.
®(X), then M ® Foo =M.

be as above and let vy be elements in M such

Proof. Let e
= 0 so that

that e, =v*v and vv*=1
v_e ev*—O Let {e..}.
ij "1, j=1, =

If n#m then e e
nm

vV V¥ = be matrix units in Foo.

m n m mn
Then define
k
= ) v, ®e,
Y = j=1 1 i1°
Then
k k k
. = * = *
wey = (2 v} ®e1i)(.§ vi®e) = .E_ vivi®een
i=1 j=1 i, =1
b
k k
—_ %k —_
- iElvivi ® €1 = (.2 ei) ® €11
Similarly
k k
* — *
uUg = (2 v ® eu)<.§ vi®e,)
i=1 j=1
k k
= J v.v¥®e,, Zvv*®e
i,j=1 0740 1
k
=1® izleii.
A similar calculation would show that, if k> I,
k
-udy -uw)= 2 e, ®e
1% 2 1—l+1 11
( -u)( —u* =1® Z e
uk uk —l+1
0 2]
Because both &; and ) e;; converge we obtain that {uk} sa

i=1 i=1
Cauchy sequence in the strong*-topology. Hence if u is the limit, then

u=1lim u and u* =lim ul’;
It will then follow that u is an element in M ® F_ such that

u*u=16§>e11 and w*=10®1,

Now define o(x) =u*xu for X e M®F . Thenas u*u= 1®e
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the range of ¢ is

1e eu)(M ®F J(1® eu) =M® e,

As uu* =1, o will be a homomorphismof M®F_ onto M ® e,
If o(x) =0, u*x u= 0, then X =uu* Xuu* =0, So ¢ is an isomorphism.

Now as M.® e11 =~ M we have the result.

APPENDIX D

Let M be a semi-finite von Neumann algebra, ¢ a faithful normal
positive linear functional on M and o the associated modular action.
We will show in this appendix that ¢ is inner.

Let 7 be a faithful normal semi-finite trace on M and let e be
a projection in M such that 7(e) < =, Then the restriction of 7 to

e M e is a faithful normal finite trace on e M e.

D1 Lemma. If 7 is a faithful normal finite trace on M and ¢

a faithful normal positive linear functional on M, there is a unique
heM suchthat 0=h=1 and 7((1 - h)x) = ¢(h x) = ¢(x h) for all
x € M,

Proof, Apply Sakai's linear Radon Nikodym theorem [14] to the
functionals 7 and ¢ + 7. Sothereisan he€ M suchthat 0=h=1

and

7(x) = 3 (¢ + 7)(xh + hx)

7(xh) + 3¢(xh + hx).

Then 7((1 - h)x) = 3¢(xh + hx). Replacing first x by hx and next x
by xh we get

7((1 - h)hx) = 2¢(hxh + h’x)
and

7((1 - h)xh) = 3¢(xh® + h x h).
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As 7((1 - h)hx) = 7((1 - h)xh) we obtain ¢(xh2) = ¢(h2x) for all x € M,
From this it follows that also ¢(xh) = ¢(hx) for all x. Indeed we would
get ¢(xh4) = ¢(h2xh2) = ¢(h4x), and similarly for any even power
¢(xh2n) = ¢(h2nx) and approximating h by polynomials in h? we get
the desired result.

So we get 7((1 - h)x) = ¢(hx) = ¢(xh) for all x ¢ M. To prove
uniqueness, suppose also 7((1 - k)x) = ¢(kx) for all x e M with k € M.
Then 7(x) = (7 + ¢)(kx) = (7 + ¢)(hx) for all x. As 7+ ¢ is faithful
this implies k = h.

D2 Lemma. Let 7 be a faithful normal semi-finite trace on M

and ¢ a faithful normal positive linear functional on M. Then there is a
heM with 0=h=1 suchthat 7(1 - h) < and ¢(hx)=¢(xh)=7((1-h)x).

Moreover h and 1 - h are injective.

Proof., Choose a net {ea} of projections in M such that
T(ea) < e and . increases up to 1. Then apply the previous lemma
to the restrictions of ¢ and 7 to e, M €y to obtain an element
ha €e, M L with 0= ha =1 such that T((ea-ha)eaxea)=¢(h e _xe

a a)
for all x € M. That is the same as

7((1 - ha)x ea) = ¢(ha X ea)

for all x € M,

Because the unit ball in M is o-weakly compact we can assume
(if necessary by taking a subnet) that ha converges o-weakly to an element
heM with 0=h=1,

Now if e, =e _ then xeB=xe

BT Ta

e and we get

B a

7((1 - ha)x eB) =7((1 - ha)x eBea) = ¢(ha x eBea) = ¢(ha b eB).

Because T(eB) < o we have that 7(- e,) is o-weakly continuous so that
if we take the limit over a we find 7((1 - h)x eB) =¢hx eB) and with
x =1 in particular we get 7((1 - h)e ﬁ) =¢the /3)' By normality

7((1 - h)eB) will increase to 7(1 - h) and therefore 7(1 - h) = ¢(h) < oo,
Therefore also 7((1 - h):) is o-weakly continuous and in the limit over

B we get
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7((1 - h)x) = ¢(hx) for all x e M.

Similarly or by taking adjoints we get 7((1 - h)x) = ¢(xh).
Finally h and 1 - h must be injective as ¢ and 7 are faithful,
Of course we have essentially proved here the well known Radon-

Nikodym theorem for semi-finite von Neumann algebras.

D3 Lemma, With 7, ¢ and h as in lemma 2, the modular

automorphism group associated to ¢ is given by

0,(x) = bt -t xnta - p)it
forall xeM and t eR,

Proof. By spectral theory one can show that hiz is well defined
for Im z = 0, that it is continuous and uniformly bounded on finite hori-
zontal strips, and that it is analytic for Im z < 0, with respect to the
strong topology [13]. Similarly for (1 - h)iz. Then it follows that for
any X € M the function z = h_iz(l - h)iz_l_1 X hiZ+1(1 - h)_iz is well
defined, bounded and strongly continuous for Im z € [0, 1], and strongly
analytic inside this strip, Then for any pair x, y € M the function F

defined by

-iz( 1z+1 1z+1

F(z) = ¢(h h) (1 - h) 2y

is well-defined, bounded and continuous for Im z € [0, 1], and analytic

inside. Moreover, if we define ot by the above expression, we find

-it -it

F(t) = (b 41 - h)(1 - hx hh( - b

= ¢(9,((1 - h)x h)y)

y)

and
Ft+ 1) = ¢t @ - B x0't0 - w7 - )
= 4(h 9,1 - hly)
(1 - W) - hly)

7((1 - hy(L - h)o,(x))
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= ¢(h y(1 - h)o,(x))
= ¢(y(1 - h)o(x)h)

= 9y 0,((1 - h)x ).

Therefore the K, M, 8, -condition is satisfied for any pair of the form
((1 - h)xh, y). We will now show by an approximation argument that the
K. M. S. -condition is also satisfied for any pair (x, y), see also [13].

We first need the at—invariance of ¢. This can be obtained directly
from the definitions. It also follows from the K, M, S, -condition applied
to the pair ((1 - h)xh, 1). Indeed as in the remark following theorem 2,1
of part II we obtain that ¢(at((1 - h)xh)) = ¢((1 - h)xh) for all t eR. Now
because 1 - h and h are injective any x € M can be approximated
strongly by a bounded sequence {xn} in (1 - h)Mh and therefore also
¢(at(x)) = ¢(x) forall teR and x € M,

To obtain the K, M, S, -function for the pair (x, y) in M, consider
the K. M. 8. -functions Fn associated to the pairs (xn, y) where again
{xn} is a bounded sequence in (1 - h)Mh converging strongly to x.

Then, using the invariance of ¢ we get
1 i
[F 1) - F ] =lo0,x - x Jy) = 6((x_-x )*x_-x ))26(y*y)?

and Fn(t) - Fm(t) = 0 uniformly in t. Similarly Fn(t+i) - Fm(t+i) -0
uniformly in t and therefore by the maximum modulus principle for the
strip it follows that Fn(z) - Fm(z) = 0 uniformly in z when n, m = *«,
Then F(z) =lim Fn(z) will define the right K. M. S. -function for the
pair (%, y). Finally because the modular automorphism group is the
unique strongly continuous one parameter group of *-automorphisms

satisfying the K. M. S. -condition with respect to ¢ the result follows.

D4 Theorem. If M is semi-finite, then every modular action

is inner.

Proof. Follows immediately from lemma D3,
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